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Abstract
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functions does not depend on the distribution of workers. We refer to this type of equilibrium
as a Block Recursive Equilibrium. Therefore, while solving the equilibrium of a random search
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1. Introduction

This paper studies a general model of search on the job that allows for aggregate shocks, idio-
syncratic shocks, and different specifications of the contractual environment. The paper’s main
result is to formally establish the existence of a type of equilibria, called Block Recursive Equi-
libria (BRE), which are tracvtable for studying equilibrium dynamics. To attain this result, we
depart from the bulk of the literature on search on the job, and we assume that the search process
is directed'—in the sense that a worker knows the terms of trade offered by different firms before
he chooses where to apply for a job—rather than random (or undirected)—in the sense that a

worker does not have any information about terms of trade offered by different firms.

The models of random search on the job by Burdett and Mortensen (1998), Postel-Vinay and
Robin (2003), and Burdett and Coles (2003) are a useful tool for studying labor markets because
they can simultaneously and parsimoniously explain a number of qualitative features of the data.
For example, they can explain the empirical regularities in the transition of workers between the
states of employment, unemployment and across jobs that pay different wages (e.g. the negative
relationship between job hazard and tenure). They can explain why similar workers employed at
similar firms are paid different wages. They can explain why wages tend to increase with tenure

and experience.?

However, these models are difficult to solve outside of steady-state because the distribution of
workers across different employment states (unemployment, and employment at different wages)
is an infinite-dimensional state variable which non-trivially affects the agents’ value and policy
functions.® This technical feature limits the use of these models. For example, a macroeconomist
cannot measure the effect of aggregate productivity shocks on the flows of workers across different
employment states and on the wage distribution by simply comparing steady-states (unless he
has reason to believe that these shocks are very persistent and that the transition phases have
negligible length). A public economist cannot measure the welfare effect of a change to the

unemployment benefit legislation by comparing two steady-states (unless he has reason to believe

'The directed search literature was pioneered by Montgomery (1991), Peters (1991), Moen (1997), Acemoglu
and Shimer (1999), and Burdett Shi and Wright (2001).

2Mortensen (1994), Pissarides (1994), and Barlevy (2002) are other popular models of search on the job. These
models have qualitative properties that are very different from those of the models by Burdett and Mortensen
(1998), Postel-Vinay and Robin (2002), and Burdett and Coles (2003). For example, they cannot generate residual
wage inequality.

3Recently, Moscarini and Postel-Vinay (2008) have succeded in characterizing the transitional dynamics of the
model by Burdett and Mortensen (1998) (henceforth, BM98). Their results also suggest that it might be possible
to solve the equilibrium of BM98 in a fully stochastic environment. The current paper provides a model that has
the same qualitative properties as BM98 and can be solved in a stochastic environment as easily as a representative
agent model.



that the agents’ discount factor is approximately zero and, hence, the transition phases are
unimportant). And if an econometrician estimates the steady-state of a model, he has to be
careful in using data from a period of time when the fundamentals of the economy have remained

approximately unchanged.*

Moreover, the hypothesis that the search process is random appears at odds with the existing
empirical evidence. For example, in a recent survey of the US labor market, Hall and Krueger
(2008, Table 1) find that 84 percent of white, male, non-college workers either “knew exactly” or
“had a pretty good idea” about how much their current job would pay from the very beginning
of the application process (the time of the first interview). Another piece of evidence against the
random search hypothesis and in favor of directed search comes from Holzer, Katz and Krueger
(1991). Using data from the 1982 Employment Opportunity Pilot Project Survey, these authors
find that firms in high-wage industries tend to attract more applicants per vacancy that firms in
industries where the terms of trade are less generous. These findings should not be surprising, as
directed search reflects the fundamental idea in economics that prices help a market allocating

resources.

In this paper, we consider a stochastic model of directed search on the job. This model
is rather general in that it allows for aggregate shocks, idiosyncratic shocks, and for different
specifications of the contractual environment (fixed-wage contracts and dynamic contracts). For
this model, we prove existence of an equilibrium in which the agents’ value and policy functions do
not depend on the infinite-dimensional distribution of workers across different employment states.
We refer to this equilibrium as a Block Recursive Equilibrium (BRE). Like the equilibrium of the
models by Burdett and Mortensen (1998), Postel-Vinay and Robin (2002), and Burdett and Coles
(2003), the BRE of our model generates worker flows between employment, unemployment, and
across employers; it generates a negative relationship between job hazard and tenure; it generates
residual wage inequality, and a positive return to tenure and experience. However, unlike the
equilibrium of these other models, the BRE of our model can be easily computed in and out of
the steady-state. Therefore, our model can be used, without qualifications, to carry out the labor

market measurements that we have described in the previous paragraph.

It is precisely the difference in the nature of the search process that explains why our model

“Postel-Vinay and Robin (2002) explicitely acknowledge that estimating the steady-state of an OJS model
restricts their choice of data: “We have deliberately selected a much shorter period than is available because we
want to find out whether it is possible to estimate our model over a homogeneous period of the business cycle.
It would have been very hard to defend the assumption of time-invariant parameters (the job offer arrival rate
parameters in particular) had we been using a longer panel.” Similarly, Jolivet et alii (2006) state that “We choose
to restrict our analysis to a 3-year sample for three reasons. [...] Third, the model assumes that the labor market
is in a steady-state, an asusmption that would be harder to defend over a longer period of time.”
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admits a Block Recursive Equilibrium and the models by Burdett and Mortensen (1998), Postel-
Vinay and Robin (2002), and Burdett and Coles (2003) do not. The search process is directed
in our model but undirected in the other models. If the search process is directed, workers
in different employment states choose to apply for different jobs, because they have different
preferences over the probability of getting a job and the value offered by a job. Therefore, the
distribution of workers across employment states does not affect the benefit to the firm from
creating a vacancy that offers certain terms of trade, the tightness of the labor market and,
ultimately, the agents’ value and policy functions. In contrast, if the search process is random,
workers in different employment states search for the same jobs. Therefore, the distribution of
workers across different employment states affects the probability that a firm meets a worker
who is willing to accept certain terms of trade, the benefit to the firm of creating a vacancy, the
tightness of the labor market and, ultimately, the agents’ value and policy functions. At the end
of Section 5, we will provide a more detailed explanation for why directed search is important for

existence of a BRE.

The main contribution of this paper is to prove existence of a BRE for a relatively gen-
eral model of directed search on the job which allows for aggregate shocks, idiosyncratic shocks,
workers’ risk aversion, and for different specifications of the contractual environment. This con-
tribution provides a solid foundation for future applications of models of directed search on the
job. Moen and Rosen (2004) were the first to develop a model of search on the job in which the
search process is, to some extent, directed (workers can choose where to apply for a job within
a restricted set of vacancies). Delacroix and Shi (2006) examine a model of directed search on
the job with fixed-wage contracts. However, their analysis only focuses on the steady-state equi-
librium. Shi (2008) was the first to prove the existence of a BRE for a model of directed search
on the job. However, his model restricts attention to a deterministic environment and to the
case of wage/tenure contracts. Menzio and Shi (2008) were the first to prove existence of a BRE
for a stochastic model of directed search on the job. In addition, they calibrate their model and
use it to measure the contribution of aggregate productivity shocks to the cyclical volatility of
unemployment, vacancies, and other labor market variables. However, their model only restricts
attention to the case of complete labor contracts. In order to generalize the results from Shi
(2008) and Menzio and Shi (2008), the current paper has to develop a different existence proof.
Parts of the existence proof in Shi (2008) rely on the absence of aggregate shocks and on the as-
sumption of wage/tenure contracts. The existence proof in Menzio and Shi (2008) is based on the
equivalence between the solution to the social planner’s problem and the equilibrium allocation.

This equivalence does not hold when employment contracts are incomplete.
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2. The Model
2.1. Agents and Markets

The economy is populated by a continuum of workers with measure one and a continuum of
firms with positive measure. Each worker has a periodical utility function v(.) defined over
consumption, where v : R — R is a twice-continuously differentiable, strictly increasing, weakly
concave function such that v/(.) € [v/, 7], 0 < v/ < ¢'. Each worker maximizes the expected sum

of periodical utilities discounted at the factor 5 € (0,1). The unemployment benefit is b.

FEach firm operates a constant returns to scale technology which turns one unit of labor into
y + z units of consumption. The first component of productivity, y, is common to all firms, and
its value lies in the set Y = {y1,y2,...yn(y)}, Where y = y1 < ... < yn() =7 and N (y) > 2 is
an integer. The second component of productivity, z, is specific to each firm-worker pair, and its
value lies in the set Z = {z1,22,...2n5(z)}, Where 2 = 21 < ... < zy(;) = Z and N (2) > 1 is an

integer. Each firm maximizes the expected sum of periodical profits discounted at the factor 3.

The labor market is organized in a continuum of submarkets indexed by the expected lifetime
utility = that the firms offer to the workers, z € X = [z,z], with z < v(b)/ (1 — ) and T >
v(y + Z)/ (1 — B). Specifically, whenever a firm meets a worker in submarket z, the firm offers
the worker an employment contract that gives him the expected lifetime utility «. In submarket
x, the ratio of the number of vacancies created by firms to the number of workers looking for
jobs is given by 0(x, 1) > 0 and is determined in the equilibrium, where 1 is the aggregate state
of the economy described below. In the remainder of the paper, we shall refer to 6(z,v) as the

tightness of submarket .5

Time is discrete and continues forever. At the beginning of each period, the state of the
economy can be summarized by the triple (y,u,g) = 1. The first element of 1) denotes the
aggregate component of labor productivity, y € Y. The second element denotes the measure of
workers who are unemployed, u € [0,1]. The third element is a function g : X x Z — [0, 1], with
g(V, z) denoting the measure of workers who are employed at jobs that give them the lifetime

utility V' < V and that have an idiosyncratic component of productivity z < z.

Each period is divided into four stages: separation, search, matching and production. During
the separation stage, an employed worker is forced to move into unemployment with probability
0 € (0,1). Also, during the separation stage, an employed worker has the option to voluntarily

move into unemployment.

5In submarkets that are not visited by any workers, 6(z,%) is an out-of-equilibrium conjecture that helps
determining the equilibrium behavior.
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During the second stage, a worker gets the opportunity of searching for a job with a probability
that depends on his recent employment history. In particular, if the worker was unemployed at
the beginning of the period, he can send an application with probability A\, € (0,1]. If the worker
was employed at the beginning of the period and did not lose his job during the separation stage,
he can search with probability A, € (0, 1]. If the worker lost his job during the separation stage,
he cannot search immediately. Conditional on being able to search, the worker chooses which
submarket to visit. In this sense, search is directed. Also, during the search stage, a firm chooses
how many vacancies to create and where to locate them. The cost of maintaining a vacancy for

one period is k > 0. Both workers and firms take the tightness (x, ) parametrically.®

During the matching stage, the workers and the vacancies in submarket x come together
through a frictional meeting process. In particular, a worker meets a vacant job with probability
p(0(x, 1)), where p : Ry — [0, 1] is a twice continuously differentiable, strictly increasing, strictly
concave function such that p(0) = 0 and p/(0) < oo. Similarly, a vacancy meets a worker
with probability ¢(6(z,v)), where g : Ry — [0,1] is a twice continuously differentiable, strictly
decreasing function such that q(0) = p(0)/6, q(0) = 1, and p(¢g~(.)) being concave.” When a
vacancy and a worker meet, the firm that owns the vacancy offers to the worker an employment
contract that gives him the lifetime utility x. If the worker rejects the offer, he returns to his
previous employment position. If the worker accepts the offer, the two parties form a new match.
To simplify the exposition, we assume that all new matches have the idiosyncratic component of

productivity zg € Z.

During the last stage, an unemployed worker produces and consumes b € (0,4 + Z) units
of output. A worker employed at a job z produces y + z units of output and consumes w
of them, where w is specified by the worker’s labor contract. At the end of the production
stage, Nature draws next period’s aggregate component of productivity, ¢, from the probability
distribution ®4(y|y), and next period’s idiosyncratic component of productivity, Z, from the
probability distribution ®;(2|2).8 The draws of the idiosyncratic component of productivity are

independent across matches.?

5That is, workers and firms treat the tightness 6(x, ) just like households and firms treat prices in a Walrasian
Equilibrium.

"The last property of ¢(6) is needed to guarantee that the worker’s search problem is strictly concave and its
solution unique. The reader should notice that this property (as well as the other properties of p and ¢) are satisfied
by many standard specifications of the matching process. For example, it is satisfied by the CES matching process
q(0) = [/ (+07)]Y7, p(0) = 0 [/ (e + 67)]*7, a € (0,1) and 1 > o > 0.

8Throughout this paper, the caret on a variable indicates the variable in the next period.

9In order to keep the exposition simple, we have chosen to restrict attention to aggregate and idiosyncratic
shocks that affect only labor productivity. However, the proof of the existence of a Block Recursive Equilibrium
does not depend on this choice, and can be easily generalized to the case in which aggregate and idiosyncratic
shocks affect the search process, the value of unemployment, labor income taxes, etc.
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2.2. Contractual Environment

We consider two alternative contractual environments. In the first environment, the firm commits
to an employment contract that specifies the worker’s wage as a function of the history of realiza-
tions of the idiosyncratic productivity of the match, z, the history of realizations of the aggregate
state of the economy, ¢, and the history of realizations of a two-point lottery that is drawn at
the beginning of every production stage.!® In the remainder of the paper, we shall refer to this as
the “dynamic contract” environment, since we will formulate the contracts recursively as in the
literature on dynamic contracts (e.g., Atkeson and Lucas, 1992).!' In the second environment,
the firm commits to a wage that remains constant throughout the entire duration of the employ-
ment relationship. This constant wage is allowed to depend only on the outcome of a two-point
lottery that is drawn at the beginning of the employment relationship. In the remainder of the

paper, we shall refer to this as the “fixed-wage contract” environment.

We are interested in these two contractual environments because they have been the focus
of the literature on random search on the job. The “dynamic contract” environment generalizes
the environment considered by Burdett and Coles (2003) and Shi (2008) to an economy with
stochastic productivity.'> The “fixed-wage contract” environment is the same environment that
has been considered by Burdett and Mortensen (1998), van den Berg and Ridder (1998), and
Jolivet et al. (2006). Notice that, under both specifications of the environment, contracts are
incomplete because wages cannot be made contingent upon the outside offers received by the

worker.

2.3. Worker’s Problem

Consider a worker whose current employment position gives him a lifetime utility V' and who has
the opportunity to look for a job at the beginning of the search stage. His search decision is to
choose which submarket x to visit. If the worker visits submarket x, he succeeds in finding a job
with probability p(6(z,v)), and fails with probability 1 — p (6 (z,v)). If he succeeds, he enters
the production stage in a new employment relationship which gives him the lifetime utility x. If

he fails to find a new match (or if he does not apply for a job), he enters the production stage by

10We allow the specifications of the employment contract to depend on the history of realization of these two-
point lotteries in order to guarantee that the firm’s value function is concave. In this sense, lotteries play a similar
role in our model as in Prescott and Townsend (1984).

Tn contrast to most models in the literature on dynamic contracts, however, there is no private information in
our model, and a worker can quit for another job or into unemployment in any period during the contract.

12In the special case where workers are risk neutral, the dynamic contracts considered in this paper attain the
same allocation as the complete contracts considered in Menzio and Shi (2008) do. Therefore, the proof of the
existence of a Block Recursive Equilibrium in this paper generalizes the existence proof in Menzio and Shi (2008).
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retaining his current employment position, which gives him a lifetime utility V. Therefore, the
worker’s lifetime utility at the beginning of the search stage is V' + max{0, R(V, )}, where

R(V,¢) = maxp(6(z,¥))(x — V). (2.1)

Denote m(V, 1) as the solution to the maximization problem in (2.1), and p(V, 1) as the composite

function p(6(m(V,),v)).

Next, consider an unemployed worker at the beginning of the production stage, and denote
as U(%) his lifetime utility. In the current period, the worker produces and consumes b units of
output. During the next search stage period, the worker is unemployed and has the opportunity

to look for a job with probability A,. Therefore, the worker’s lifetime utility U(v) is equal to

U() = v(b) + BBy, [U@) + Ay max {0, RU(), ) }] - (2.2)

2.4. Firm’s Problem

2.4.1. Dynamic Contracts

Consider a firm that has just met a worker in submarket x. The firm offers to the worker an
employment contract that specifies his wage at every future date as a function of the realized
history of the idiosyncratic productivity of the match, the realized history of the aggregate state of
the economy, and the history of realizations of a two-point lottery that is drawn at the beginning
of every production stage. The firm chooses the employment contract in order to maximize its
profits and provide the worker with the promised lifetime utility x. Charcaterizing the solution
to this problem is difficult because the dimension of the history upon which wages are contingent
grows to infinity with time. However, following the literature on dynamic contracts (e.g. Atkeson
and Lucas, 1992), we can rewrite this problem recursively by using the worker’s lifetime utility

as an auxiliary state variable.!

In the recursive formulation of the problem, the state of the contract at the beginning of each
production stage is described by the worker’s lifetime utility, V', by the state of the aggregate
economy, 1, and by the idiosyncratic productivity of the match, z. Let s denote (¢, z). Given V'
and s, the firm chooses a two-point lottery over the worker’s wage w in the current period, the

worker’s probability d of becoming unemployed in the next separation stage, and the worker’s

3More precisely, we can prove that the value function of the firm’s contracting problem is the unique solution
to the recursive problem (2.3). Also, we can prove that the firm’s contracting problem yields the same solutions
as the recurive problem (2.3). The proof of these equivalence results is standard. However, all details are available
upon request.



lifetime utility V at the beginning of the next production stage. That is, the firm chooses a two-
point lottery ¢ = (m;, w;, d;, Vi)%:l, where m; is the probability with which the realization of the
lottery is (w;, d;, ‘Z) The firm’s choice is subject to a promise-keeping constraint, which requires
¢ to provide the worker with the lifetime utility V', and to an individual rationality constraint,
which requires the separation probability d to be consistent with the worker’s incentives to quit.
The firm chooses ¢ to maximize the sum of its profits in the current period and its profits from
the next period onward. Therefore, the firm’s maximized value J(V, s) is equal to

J(Vis) = max S2 m{y+z—wi+ BB [(L-d;(3) (1= BV (5),9)) TV (5).9)] }

mi,Wi,di, Vi

st. mel01),weR di:UXxZ—[61],Vi:UxZ—X, fori=1,2,
SLam=1, di(3) = {0 UW) < Vi(5) + \R(Vi (3),0), 1else},
2w {v(w) + BB [ () UW) + (1= di (5)) (Vi 5) + AR(VE (3).9) )| } = V-
(2.3)

We denote the optimal policy function associated with (2.3) as ¢(V, s) = (m;, w;, d;, Vi)%:l, where
m=mi(V,s), w =wi(V,s), di = d;(V, s, §), and v, = XZ(V, s,8), for i =1,2.

2.4.2. Fixed-Wage Contracts

With fixed-wage contracts, we assume that workers are risk averse; i.e., v(w) = w for all w.
Consider a worker who is employed for a wage of w at the beginning of the production stage,
and denote as H(w, ) his lifetime utility. In the current period, the worker consumes w units
of output. During the next separation stage, the worker is forced to become unemployed with
probability §, and has the option of keeping his job with probability 1 — . If the worker becomes
unemployed, he does not have the opportunity to look for a new job during the next search stage.
If the workers keeps his job, he has the opportunity to look for a better job with probability A..
Therefore, the worker’s lifetime utility H(w, ) is equal to

H(w, ) = w+ BB {d()U () + (1 = () [ H(w, ) + A max{0, R(H (w, ), $)}] }.

(2.4)
d() = {5 if U() < H(w, ) + A\ max {o, R(H(w,zﬂ),zﬁ)} o1 e1se}. 24

We denote as h(V,1) the wage that provides an employed worker with the lifetime utility V.
That is, h(V, ) is the solution of the equation H(w,1) =V with respect to w.

Next, consider a firm that employs a worker for a wage of w at the beginning of the production

stage, and denote as K (w,s) its lifetime profit. In the current period, the firm’s profit is given

by y + z — w. The discounted sum of profits from the next period onward is (1 — d(v))(1 —
8
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AeP(H (w,),9)) K (w,8). Therefore, K (w, s) is equal to

K(w,s) =y +2 = w-+ B85 [(1 = d())(1 = \(Hw, ), D) K (w,8))],

() = {5 if U() < H(w, ) + A\ max {0, R(H(w,zﬁ),qz)} 1 else}. 29

Finally, consider a firm that has just met a worker in submarket z = V, and denote as
J(V,1), z0) its lifetime profit. The firm offers to the worker a two-point lottery over the constant
wage w. The firm’s offer is required to provide the worker with the lifetime utility V' (if accepted).

Therefore, the firm’s lifetime profit J(V, 1, zp) is equal to

J(‘/’ 1/]720) = max 222:1 TFiK(h(‘z7'¢))’1/J,ZO)7

Wiv‘/i

s.t. m e 0,1, V;e X, fori=1,2, (2.6)
Z?:l m =1, Z?:l mV; = V.

We denote the optimal policy function associated with (2.6) as ¢ = (m;, f/i)?:l, where m; = m;(V, s)

and V; = V;(V, s), for i = 1,2.

2.5. Market Tightness

During the search stage, a firm chooses how many vacancies to create and where to locate them.
The firm’s benefit of creating a vacancy in submarket x is the product between the probability
of meeting a worker, q(0(z,v)), and the value of meeting a worker, J(x,1,z9). The firm’s cost
of creating a vacancy in submarket x is k. When the benefit is strictly smaller than the cost, the
firm’s optimal policy is to create no vacancies in . When the benefit is strictly greater than the
cost, the firm’s optimal policy is to create infinitely many vacancies in . And when the benefit
and the cost are equal, the firm’s profi is independent of the number of vacancies it creates in

submarket x.

In any submarket that is visited by a positive number of workers, the tightness 0(x,) is

consistent with the firm’s optimal creation strategy if and only if

k= q(0(x,¥))J(z, 4, 20), (2.7)

and 6 (z,1) > 0, with complementary slackness. In any submarket that workers do not visit, the
tightness 0 (x, 1) is consistent with the firm’s optimal creation strategy if and only if ¢(0(x, 1)) J (x, v, z0)
is smaller than or equal to k. Following most of the literature on directed search, we restrict at-

tention to equilibria in which the tightness @ (x, 1)) satisfies condition (2.7) in all submarkets.!*

'4See Acemoglu and Shimer (1999), Delacroix and Shi (2006), Menzio (2007), and Shi (2008)
9



3. Block Recursive Equilibrium: Definition and Procedure
The previous section motivates the following definition of a recursive equilibrium:

Definition 3.1. A Recursive Equilibrium consists of a market tightness function 6 : X xW¥ — R,
a search value function R : X x ¥ — R, a policy function m : X x ¥ — X, an unemployment
value function U : W — R, a firm’s value function J : X x ¥ x Z — R, a contract policy function
c: X xVU x Z — C, and a transition probability function for the aggregate state of the economy
<I>q/; : U x U — [0,1]. These functions satisfy the following requirements:

(i) 0 satisfies (2.7) for all (z,v) € X x U;

(i) R satisfies (2.1) for all (V,¢) € X x W, and m is the associated policy function;

(iii) U satisfies (2.2) for all ¢ € V;

(iv) J satisfies (2.3) or (2.6) for all (V 1, 2) € X x U X Z, and c is the associated policy function;
(v) O, is derived from the policy functions, (m,c), and the probability distributions for (9, 2).

Solving a recursive equilibrium outside of the steady-state requires solving a system of func-
tional equations in which the unknown functions depend on the entire distribution of workers
across employment states, (u,g). Since this distribution is a large dimensional object (for ex-
ample, it is an infinite dimensional object in the version of the model with dynamic contracts),
solving a recursive equilibrium outside of the steady-state is a difficult task both analytically and
computationally. In contrast, solving the following class of equilibria is much easier because it
involves solving a system of functional equations in which the unknown functions have at most

three dimensions.

Definition 3.2. A Block Recursive Equilibrium (BRE) is a recursive equilibrium such that the
functions {0, R,m,U, J,c} depend on the aggregate state of the economy, 1, only through the
aggregate component of productivity, y, and not through the distribution of workers across em-

ployment states, (u,g).

In this paper, we establish existence of a Block Recursive Equilibrium. To this aim, we define
J (X xY x Z) (henceforth [J) as the set of firm’s value functions J : X XY x Z — R such that:
(J1) For all (y,z) € Y x Z and all V4, V5 € X, with V; < V3, the difference J(Va,y, 2) — J(V1,y, 2)
is bounded between —B;(Va — V4) and —B ;(Va — Vi), where By > B; > 0 are some constants;
(J2) For all (V,y,2) € X xY x Z, J(V,y, z) is bounded in [J, J];*® (J3) For all (y,2) € Y x Z,

15We list this property separately in addition to (J1) to emphasize the fact that the bounds J and J are uniform
for all functions in the set J and for all (V,y, z).
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J(V,y,z) is concave in V. In words, a firm’s value function J in the set J depends on 1 only
through y. Moreover, a firm’s value function J in the set J is bounded; it is strictly decreasing
and weakly concave in V; and its “derivative” with respect to V is bounded above and below, i.e.
J is bi-Lipschitz continuous in V.16 In Appendix A, we prove that J is a non-empty, bounded,
closed and convex subset of the space of bounded, continuous functions on X x Y x Z, with the

sup norm. 17

In Section 4, we take an arbitrary firm’s value function J from the set J. Given J, we prove
that the market tightness function, 6, that solves the equilibrium condition (2.7) depends on
the state of the economy, v, only through the aggregate component of productivity, y, and not
through the distribution of workers across employment states, (u, g). Intuitively, since the value
of filling a vacancy in submarket  does not depend on the distribution of workers and the cost
of creating a vacancy is constant, the equilibrium probability of filling a vacancy in submarket x,

and hence the tightness of submarket x, must be independent of the distribution of workers.

Given 6, we prove that the search value function, R, that solves the equilibrium condition
(2.1) depends on # only through y. Intuitively, R does not depend on (u, g), because neither the
probability that a worker finds a job in submarket x nor the benefit to a worker from finding a
job in submarket x depends on the employment status of other workers in the economy. Given
R, we prove that the unemployment value function, U, that solves the equilibrium condition
(2.2) depends on % only through y. Intuitively, U does not depend on (u,g), because neither
the output of an unemployed worker nor his return to searching depends on the distribution of

workers across different employment states.

In Section 5, we insert J, 6, R, and U in the RHS of the equilibrium condition (2.3) to
construct an update of the firm’s value function, where 1" maps the function J with which the
above procedure starts into a new function. First, we prove that T'J depends on % only through
y. Intuitively, T'J does not depend on (u, g) because the output of a match in the current period,
the probability that a match survives until the next production stage, and the value to the firm
of a match at the next production stage are all independent of the distribution of workers across
employment states. Second, we prove that T'J is bounded between J and J; it is strictly decreasing

and weakly concave in V; and its “derivative” with respect to V is bounded between —B; and

8 A function J (x) is Lipschitz over x € X if |J(22) — J (z1)| < B1 |z2 — 1| for all 21,22 € X, where B is a
finite constant. The function is bi-Lipschitz if, in addition, |J(z2) — J (z1)| > Bz |x2 — 1] for all z1, z2 € X, where
B> is a strictly positive constant. We need the firm’s value function J to be bi-Lipschitz in order to ensure the set
J to be closed and convex. In addition, bi-Lipschitz continuity implies that J is strictly decreasing, a property
that will be used to establish important properties such as those of the market tightness.

" Throughout this paper, the norm is the sup norm unless it is specified otherwise.
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—B ;. Intuitively, the firm’s updated value function, 7'J, is bounded because the output of the
match is bounded and there is time discounting; T'.J is decreasing because a firm finds it costly to
provide a worker with higher lifetime utility; T'J is concave because the contract between a firm
and a worker includes a lottery; and the “derivative” of T'J is bounded because the derivative of

the worker’s utility function is bounded. Third, we prove that T'J is continuous in J.

From the first two properties of T'J above, it follows that the equilibrium operator 7" maps
the set of firm’s value functions J into itself. From the third property of T'J, it follows that the
equilibrium operator 1" is continuous in J. From bi-Lipschitz continuity of T'J, it follows that
the family of functions T'(7) is equicontinuous. Overall, the equilibrium operator T" satisfies the
assumptions of Schauder’s fixed point theorem (see Stokey and Lucas with Prescott, 1989), and,
hence, there exists a J* € J such that J* = TJ*. Applying one more time the above procedure
that leads to the mapping 7', but with the firm’s value function J*, we can construct equilibrium
policy functions 6%, R*, m*, U*, and ¢*. These functions and J* constitute a Block Recursive
Equilibrium for the version of the model with dynamic contracts. In Section 6, we use a similar
argument to prove existence of a Block Recursive Equilibrium for the version of the model with

fixed-wage contracts.

4. General Properties of an Equilibrium

4.1. Market Tightness

Start with an arbitrary value function of the firm, J € J, we construct the market tightness
function and analyze its properties. For all (z,v) € X x ¥ such that J(z,y, z0) > k, the solution
to the equilibrium condition (2.7) is given by a market tightness of ¢~!(k/J(x,y,20)), where
q(k/J(z,y,20)) is bounded between 0 and § = ¢~ '(k/.J). For all (z,7)) € X x ¥ such that
J(x,y, z0) < k, the solution to the equilibrium condition (2.7) is given by a market tightness of 0.
The condition J(z,y, z0) > k is satisfied if and only if x < Z(y), where Z(y) is the solution to the
equation J(x,y, z0) < k with respect to z. From these observations, it follows that the function

0:X xY —0,60] defined as
¢ (k)T (,y, 20)), if x < 3(y),
0(z,y) =

4.1
0, else, (4.1

is the unique solution to the equilibrium condition (2.7) for all (z,7¢) € X x W.

The market tightness function, @, has several properties. First, § depends on the aggregate
state of the economy, 1, only through the aggregate component of productivity, y, and not

through the distribution of workers across different employment states, (u, g). Second, the market
12



tightness function, 6, is strictly decreasing with respect to x. Intuitively, since the firm’s value
from filling a vacancy is lower in a submarket with a higher x, the firm’s probability of filling
a vacancy must be higher. Third, the market tightness function, 6, is Lipschitz continuous in
x for all z, and bi-Lipschitz in x for z < Z(y). Intuitively, since the firm’s value function, J,
is bi-Lipschitz continuous in = and the derivative of the function ¢~!(.) is bounded, the market
tightness function defined in (4.1) is also bi-Lipschitz continuous for all such = that 6 (z,y) > 0.
Finally, the probability that a worker meets a vacancy in submarket x, p(6(z,y)), decreases at
an increasing rate as x increases. This property follows from the concavity of the firm’s value
function J and of the composite function p(¢~1(.)). These properties of # are summarized in the

following lemma and proved in Appendix B.

Lemma 4.1. (i) For all y € Y, the market tightness function, 0, is such that

B Bk

<

q'(é)k;(@ —x1) < 0(z2,9) — O0(z1,9) < W(@ —x1), ifzy <xe < 3(y),

B . 3 4.2
——J(:BQ - .’L'l) < 9($27y) - 9(1’17.@) < 07 lf.’L'l < .’L'(y) < z2, ( )
q'(0)k
0(z2,y) — 0(z1,y) =0, if Z(y) < 1 < x9,

where B ; and B are the bi-Lipschitz bounds on all functions in J. (ii) For ally € Y and all

x € [z,Z (y)], the composite function p(0(x,y)) is strictly decreasing and strictly concave in x.

The function 6 (x,y) constructed above depends on the arbitrary function .J. Consider two
arbitrary functions J,, J. € J. Let 6, denote the market tightness function computed with
Jn, and 0, with J.. In the following lemma, we prove that, if the distance between J, and J,
converges to zero, so does the distance between 6,, and 6,. That is, we prove that the market
tightness function, 6, is continuous with respect to the firm’s value function J with which it is
computed. This result will be used in Sections 5 and 6 to establish that the equilibrium operator

T is continuous.

Lemma 4.2. For any p > 0 and any J,, J, € J, if ||J, — J;|| < p, then
16, — 0, < wp, og=-By/[d(0)Bk|. (4.3)

PrOOF: For the sake of brevity, let us suppress the dependence of various functions on (y, 2).

Let p > 0 be an arbitrary real number. Let J, and J,. be arbitrary functions in J such that

|Jn — Jr|| < p. Let y be an arbitrary point in Y. From property (J1) of the set J, it follows
13



that J,(z + B;'p) — J.(¥) < —p and, hence, J,(z) — p > J(z + ﬁ}lp). From property (J1), it
also follows that J,.(z) — J,(x — B;'p) < —p and, hence, J,(z) + p < J,(x — B;'p). From these
observations and ||.J, — J;|| < p, it follows that

In(z) < Jp(z) +p < Jp(z _Ejlp)a

(4.4)
Jn(x) > Jp(x) — p > Jo(z + B p).

From the first line in (4.4) and equation (4.1), it follows that 6,(z) < 6,(x — B;'p). Similarly,
from the second line in (4.4) and equation (4.1), it follows that 6y, (z) > 6,(z + B;'p). Hence,

971(33) - &,«(%) < (9,«(.%' - E;lp) - Hr(x) < agp,
O0n(z) — 0,(z) > 0,(x + B p) — 0,(x) > —app,

where ayp is defined in (4.3). Thus, |0, (z) — 0, (z)| < app. Since this result holds for all (z,y, z) €
X XY x Z, we conclude that ||0,, — 0,| < agp. [ |

4.2. Search Problem

Given the firm’s value function J € J, the market tightness function 6 defined in (4.1) sat-
isfies the equilibrium condition (2.7). Given 6, the search value function, R, that satisfies
the equilibrium condition (2.1) is equal to max,cx f(z,V,y) for all (z,9) € X x ¥, where
flx,Viy) = p(0(x,y))(x — V). Note that, for all (V 1) € X x ¥, the objective function, f,
depends on the aggregate state of the economy, v, through the aggregate component of produc-
tivity, ¥, and not through the distribution of workers across different employment states, (u,g).
Also, note that the choice set, X, is independent of the aggregate state of the economy, . From
these observations, it follows that the optimal search decision and the search value function, R,

depend on % only through y and not through (u, g).

Given 60, a search policy function satisfies the equilibrium condition (2.1) if its value belongs
to argmax,cx f(z,V,y) for all (V,¢) € X x W. For all (V,4) € X x ¥, the objective function,
f, is negative for all  in the interval [z, V], strictly positive for all = in the interval (V,Z(y)),
and equal to zero for all z in the interval [Z(y),Z]. Moreover, the objective function is strictly
concave in z for all z in the interval (V,Z(y)) (Shi, 2008, Lemma 3.1). Therefore, if V' < Z(y),
the argmaz is unique and belongs to the interval (V, z(y)). If V' > Z(y), the argmax includes any
point between V and Z. From these observations, it follows that the function m : X xY — X

defined as
arg maXgecx f(xa ‘/7 :’-/)7 itV < x(y),

m(V,y) = { v else. (4.5)
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is the unique solution to the equilibrium condition (2.1).

In Lemma 4.3, we prove that the search value function, R, is decreasing in V. Intuitively,
since the value to a worker from finding a job in submarket z is decreasing in the value of his
current employment position, V', and the probability that a worker finds a job in submarket z is
independent of V', the return to search is decreasing in V. Also, in Lemma 4.3, we prove that the
search policy function, m, is increasing in V. Intuitively, since the marginal rate of substitution
between the value offered by a new job and the probability of finding a new job is decreasing in V,
the optimal search strategy is increasing in V. Monotonicity of m in V implies that the workers
choose to separate themselves into different submarkets in job search. Moreover, in Lemmas 4.3
and 4.3, we prove that the search value and policy functions are Lipschitz continuous in V. These

results will be used in Sections 5 and 6 to prove that the equilibrium operator 7' is continuous.

Lemma 4.3. For all y € Y and all V1, Vo € X, Vi < Va, the search value function, R, is such
that

and the search policy function, m, is such that

PROOF: For the sake of brevity, let us suppress the dependence of the functions @, Z, m and p
on y. Let Vi and Va2 be two arbitrary points in X, with V; < V. The difference R(Va) — R(V1)
is such that
R(V2) — R(W1) <
R(V2) — R(W1) =

(m(V2), V2) = f(m(V2), V1) < —p(0(m(V2)))(V2 — V1) <0,
(m(V1),V2) = f(m(V1), V1) = —=p(0(m(V1)))(Va — V1) = =(Va — V).

where the first inequality in both lines makes use of the fact that R(V;) is equal to f(m(V;),V;)
and greater than f(m(V_;),V;) where —i # i and i, —i = 1,2. Thus, (4.6) holds.

Turn to (4.7). If Vi > &, then m(V3) = Vo and m(V1) = Vi. In this case, (4.7) clearly holds. If
Vo > & > Vi, then m(V2) = Vo and m(Vh) € (Vi, ). Also in this case, (4.7) holds.
Now, consider the remaining case where Vi < Vo < Z. Since f(m(V1),V1) > f(m(V2), V1) and
fm(Va), Vo) > f(m(V1), Va), we have
0 = f(m(Va),V1) = f(m(V1), V1) + f(m(V1), V2) = f(m(V2),V2)
= p(0(m(V2)))(Va — V1) — p(6(m(V1))) (V2 — V1)
= [p(6(m(V2))) — p(6(m(1)))] (V2 = V1).
1
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Since p(f(x)) is decreasing in x, the previous inequality implies that m(Va) — m(V1) > 0.

If m(V2) —m(V1) =0, (4.7) holds. If m(Va) —m(Vi) > 0, let A be an arbitrary real number in
the open interval between 0 and (m(V2) — m(V1))/2. Using the definition of R, we can deduce
from the inequality f(m(V1), V1) > f(m(V1) + A, V1) the following result:
pO(m(V1) + A))A

p(6(m(V1))) — p(0(m(V1) + A))’
Similarly, because f(m(V2),V2) > f(m(Va) — A, V3), we have

p(O(m(V2) — A))A
O(m(V2) =~ &) = p(O(m(V2)))
Recall that the function p (6 (x)) is decreasing and concave in z for all < Z (y). Since m (V1) +
A < m(Va) — A, then p(8(m(V1) + A)) > p(6(m(Vz) — A)). Similarly, since m (V1) < m (Va),
p(0(m(V1))) — p(O(m(V1) + A)) < p((m(V2) — A)) — p(6(m(V2))). From these observations and
the inequalities above, it follows that m(Va) — m(V1) < Vo — V;. Hence, (4.7) holds. [ |

m(Vl) — V1 Z

m(Va) — V2 <
p

Now we turn to the composite function p(V,y) = p(8(m(V,y),y)). The probability p(V,y) is
the probability that an employed worker finds a new job during the matching stage, given that
his current job gives him the lifetime utility V and the aggregate component of productivity is y.
The following corollary states that the function p (V,y) is decreasing and Lipschitz continuous in

V.

Corollary 4.4. For ally € Y and all V1,Vo € X, V] < Va, the quitting probability p is such that
_Bp(‘/Q_‘/l) Sﬁ(‘/%y) _ﬁ(vlvy) S _Ep (VY2 _‘/i)a (48)
where B, = —p'(0)B;/ [¢'(6)k] > 0 and B, = 0.

PROOF: Let y be an arbitrary point in Y, and let V3, Vo be two points in X with V3 < V5. From
Lemma 4.3, it follows that the difference m(Va,y) — m(Vi,y) is greater than 0 and smaller than
Vo — V1. From Lemma 4.1, it follows that the difference 6(m(V2,y),y) — 0(m(Va,y),y) is greater
than (Vo — V4)By/ [¢'(A)k] and smaller than 0. Finally, since p is a concave function of 6, the
difference p(0(m(Va2,y),y)) — p(0(m(Va,y),y)) is such that

P (0)By/ [¢' (O] (V2 = V1) < p(0(m(V,),1)) — p(O(m(V4,1),y)) < 0.
These are the bounds in (4.8). [

Now, consider two arbitrary functions J,, J, € J. Let 0, denote the market tightness

function computed with J,, R, and m,, the search value and policy functions computed with
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0y, and p, (V,y) the composite function p(6,(mn(V,y),y)). Similarly, let 6, denote the market
tightness function computed with J,., R, and m, the search value and policy functions computed
with 6., and p, (V,y) the composite function p(6,(m,(V,y),y)). In the following lemma, we prove
that, if the distance between J, and J, converges to zero, so does the distance between R,, and
R, and the distance between p,, and p,. That is, we prove that the search value function R and
the separation probability p are continuous with respect to the firm’s value function J. These

results will be used in Sections 5 and 6 to establish that the equilibrium operator T is continuous.

Lemma 4.5. For any p > 0 and any J,, J, € J, if ||J, — Jr|| < p, then
|Rn — Ry|| < arp, ar =9 (0)ap(T — z), (4.9)

16n — 6ol < 0 (p) . (p) = max{2B,0" + ' (0) agp, 2™/}, (4.10)

ASp—>O, ap(p)—>0.

PROOF: For the sake of brevity, let us suppress the dependence of various functions on V' and
y. Let p > 0 be an arbitrary real number. Let J, and J, be arbitrary functions in J such that
|J — Jr|| < p. Let (V,y) be an arbitrary point in X x Y. The distance between R, (V,y) and
R, (V,y) is such that

[Bn = Br| < max|[p(0n(2)) — p(6r(2))] (z = V)]

< L 60 0)) ~ 061D } { e - v}

zeX

0 (x _ _
< Lo |17 w0t} @ - ) < 9 Opa(e -
where the last inequality makes use of the bounds in (4.3). Since this result holds for all (V,y) €

X x Y, we conclude that ||R, — R,|| < arp.

Now, consider the function p. Without loss of generality, assume m,(V,y) < m,(V,y). (If
my (V,y) > my, (V,y), just switch the roles of m,, and m, in the proof below.) First, consider the
case where p(6,(m,)) < p(6,(my)). In this case, the distance between p(6,,(m,)) and p(6,(m,))
is such that

(0 <) p(0n (mn)) = p (0r (M) < p(0n (mr)) = p(6r (mr)) <p'(0) gp,

where the first inequality makes use of the fact that p(6,(z)) is decreasing in z and m,, > m,,

and the second inequality makes use of the bounds in (4.3).
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Second, consider the case where p(6,.(m,)) > p(6,(m,)) and m, — 2p'/? < m, < m,. In this
case, the distance between p(6,,(my)) and p(6,(m,)) is such that
(0.<) p(6r (my)) = p (On (mn))
= p(r(my) —p(0r (mn)) +p (07 (M) = p (0 (Mn))
< 2B,p'? +p' (0) agp,
where the last inequality makes use of the bounds in (4.8) and in (4.3). Note that this bound is
larger than the one in the previous case.

1/2 < Mmy.

Finally, consider the remaining case where p(0,(m;)) > p(0,(my)) and m, < m, — 2p
First, note that m, >V, because m, € (V,%,) if V < &,, and m, = V if V' > Z,. This observation
implies that m, > V + p'/2, because if m,, < V + p'/2 then m, < V — p'/2 < V, which is a
contradiction. Second, note that m,, > V implies m,, < Z,, because m,, € (V,&,) if V < &,, and
my, =V if V> Z,. This observation implies that m,, < Z,.
Note that p(6y,(mn)) (M — V) > p(0,(my, — p'/?))(m, — p'/? = V), because m, is the optimal
search decision when J = J,,. Therefore, we have
p(en(mn))Pl/z > [p(@n(mn - P1/2)) - p(Gn(mn))] (mn - P1/2 - V)
> [p(On(my)) = p(On(my + p*/2))] (mn — pt/2 = V)
> [p(On(mr)) = p(On(my + p*/2))] (my + p/2 = V).
To obtain the second inequality we have used the facts that p(6,(z)) is concave in x for all
x € [z, Ty), that m, +p'/2 < 'm, < &, and that m, — p*/2—V > 0. To obtain the third inequality
we have used the facts that m, + p'/2 < m, — p/2, and that p(6,,(m.)) — p(On(m, + p*/?)) > 0.
Next, note that p(8,(m,))(m, — V) is greater than p(8,(m, + p'/2))(m, + p'/?> = V). Therefore,
we have
p(0r(m))p? < |p(0r(my)) = DO (my + p/2))] (my + 2 = V).
Subtracting this inequality from the previous result and dividing by p'/2, we obtain
(0 <) p(0r(ms)) — p(On(mn))
< p 2 [p(0r(mr)) = p(On(mr)) + p(On(me + p'/2)) = p(0,(mr + p'/2))] (my + p'/2 = V')
< 29/ (0)agp"? (z — z) = 2app,
where the last line makes use of the fact that the distance between p(6,.(m)) and p(6,(m)) is

1/2

smaller than p'(0)agp, and that m, + p'/* — V is smaller than z — z.

Overall, we have established that the distance between p(6,(m,)) and p(6,(my)) is such that
’p(ar(mr)) - p(gn(mn))| < maX{QBpp1/2 + p/ (O) Qo p, 2aRp1/2} = ap(p)
Since this result holds for all (V,y) € X x Y, we conclude that ||p, — pn|| < ap(p). |
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4.3. Unemployment Value

Given the firm’s value function J € J, the solution to the equilibrium condition (2.7) is the
market tightness, 6, defined in (4.1). Given 6, the solution to the equilibrium condition (2.1) is
the search value function, R, defined as R(V,y) = max,cx f(z,V,y). Given R, an unemployment
value function is a solution to the equilibrium condition (2.2) if and only if it is a fixed point of

the mapping Ty defined as

(Tu) () = v(b) + BB, { p($) + Ay max{0, R(e($), 9)} | (4.11)

In the next lemma, we prove that there exists a unique fixed point of the mapping Ty within
the set C(Y') of bounded continuous functions ¢ : Y — R. Therefore, there exists a unique
unemployment value function, U € C(Y'), that satisfies the equilibrium condition (2.2), and that
depends on the aggregate state of the economy, 1), only through the aggregate component of

productivity, ¥, but not through the distribution of workers across different employment states,

(u,9).

Lemma 4.6. (i) There exists a unique function U € C(Y') such that U = TyU. (ii) For ally € Y,
U(y) € [U, U], where U = (1 — )" tv(b) > z and U = v(b) + Bz < Z.

Proor: In Appendix C. |

Now, consider two arbitrary functions J,, J, € J. Let 8,, denote the market tightness function
computed with J,, R, the search value function computed with 6,, and U, the unemployment
value function computed with R,. Similarly, let 6, denote the market tightness function computed
with J,., R, the search value function computed with 6,., and U, the unemployment value function
computed with R,.. In the following lemma, we prove that, if the distance between J, and J,

converges to zero, so does the distance between U,, and U,.

Lemma 4.7. For any p > 0 and any J,, J, € J, if ||J, — J;|| < p, then
WU, — U, < aup, ay = BAuar/ (1 —6). (4.12)

PROOF: For the sake of brevity, let us suppress the dependence of various functions on . Let p > 0
be an arbitrary real number. Let J,, and J, be arbitrary functions in J such that ||J,, — J,.|| < p.
Let y be an arbitrary point in Y. The distance between U, (y) and U, (y) is such that

|Un(y) - Ur(y)|
< PBEy UlUn + AR (Un)] = [Ur + Ay max Ry, (Up)]| + A | Rn(Ur) — R-(Uy)[}

< BUp = U + BAuarp.
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To obtain the second inequality we have used the fact that the distance between U, + A\, R, (Uy,)
and U, + Ay R, (Uy,) is smaller than the distance between U,, and U,. Since the above result holds
for all y € Y, it follows that |U, — Uy|| < ayp. N

5. Block Recursive Equilibrium with Dynamic Contracts

5.1. Updated Value Function of the Firm

In the previous section, we have chosen an arbitrary firm’s value function, J € J. Given J, we
have computed the market tightness function, 6, that satisfies the equilibrium condition (2.7).
Given 60, we have computed the search value and policy functions, R and m, that satisfy the
equilibrium condition (2.1). Given R, we have computed the unemployment value function, U,
that satisfies the equilibrium condition (2.2). In this section, we insert J, 6, R, m and U into the
right hand side of the equilibrium condition (2.3) to compute an update, J , of the firm’s value
function J. This process implicitly defines a mapping T' through J = T'J. More specifically, J is

given by!8

J(V,y, 2)

= wmax X2 m{y e - BB (- di (5,2)(1 - AV (32),5)T (Vi (5. 2) 5, 2

3, W4,di, Vi

>
S~—

| IS

—

st. mel0,1],w;eR, di: Y xZ—[61,Vi:Y xZ—X, fori=1,2,

S im=1 di(32) = {5 UG <Vi(5,2) + ARV (5,2),9), 1elsel,
S {ow) + BBs [di (5,9 U(G) + (1= dil§, 9)(V; (3,2) + AR(V: (3,2),.9)] | = V-
(5.1)
The updated value function of the firm, J, has four important properties. First, J depends
on the aggregate state of the economy, v, only through the aggregate component of productivity,
y, and not through the distribution of workers across different employment states, (u, g). This
property follows immediately from the fact that both the objective function and the choice set on
the right hand side of (5.1) depend on y but not on (u, g). Second, the updated value function, J,
is bi-Lipschitz continuous in V. More specifically, for all (y,2) € Y x Z and all V;, V5 € X, with
Vi < Va, the difference J(Va, vy, 2)—J(V1,y, z) is bounded between —(Va—V;) /0" and —(Va—V1) /¥
(see part (i) in the proof of Lemma 5.1). Third, J is bounded in [i, ﬂ, where the bounds J and

18Tn a Block Recursive Equilibrium, the distribution of workers across employment states in the next period,
(@, §), is uniquely determined by the realization of the aggregate component of productivity in the next period,
7, and by the state of the economy in the current period, 1. Therefore, in the contracting problem (5.1), next
period’s separation probability, d;, and continuation value, \A/i, can be written as functions of ¢ only.
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J are independent of .J and J (see (5.2) below). Finally, .J is concave in V, as a result of the use

of the lottery in the contract (see part (iii) in the proof of Lemma 5.1).

The bounds B, By, J, and J are set as

_ {}y+z—v1(§—ﬁi‘)\ \Q*i_vl@_@)‘}. (5.2)

1
BJ = Zaﬁ] —

| —

/

e B R ()

]

With these bounds, J satisfies conditions (J1)-(J3) and, hence, belongs to the set 7, as stated in

the next lemma.

Lemma 5.1. Set the bounds B, By, J, and J as in (5.2). Then, the updated value function,
J, belongs to the set J.

Proor: For all (V,y,z) € X xY x Z, j(V, y, z) is equal to max,er F(v,V,y,2), where v is
defined as the tuple (7, 171,‘71, Vg), I is defined as the set of 4’s such that m; € [0, 1), Vi € R,
Vi:YxZ—>X,andVo:Y x Z — X; and F(v,V,y, z) is defined as
F(1,Viy,2) =X mi{y+2— wi+ BB [(1 = di (5, 2)(1 = Ab(Vi (3 2) ,9) T (Vs
s.t. 7[‘2:1—77'1, ‘72:(‘/—7['1‘71)/71'2,

4i(5.2) = {8 3 U (@) < Vi3, 2) + \R(Vi(3,2),9), 1 else},

>
—~
Nal
N>
~—
Ny
N>
N—r

—_

——

wi = vt (Vi = BBs [di(§, DU ) + (1 = di(§ 2)(Vi(5, 2) + AR(Vi(,2),9))] ) -
(5.3)
Let F'(~,V,y, z) denote the derivative of F (v, V,y, z) with respect to V. It is immediate to verify
that

/ S U S
F(’Y,V,y,Z) - U’(U)Q) € y,y o .

(i) First, we want to prove that .J satisfies property (J1) of the set 7. To this aim, let (y, z) be an
arbitrary point in Y x Z, and let V7, V5 be two points in X with V3 < Vs. The distance between
J(Va,y,z) and J(V1,y, 2) is such that

j(V2,yaZ) - j(Vla%Z) < maX~er |F(Va ‘/27y) Z) - F(,}/’ V17y72)|
S ma'X"/EF ‘f“;i F/<77t7y7 Z)dt
< maxyer [17 [F'(7,t,y,2)| dt < |Va — Vi| /',

The inequality above implies that the function J is Lipschitz continuous in V. Therefore, it

is absolutely continuous and almost everywhere differentiable with respect to V' (see Royden,
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1988, page 112). The function F' is differentiable with respect to V. Therefore, at any point of
differentiability, the derivative of J with respect to V is equal to F'(v*(V,y,2),V,y, z), where
v*(V,y, z) belongs to argmax,er F(7v,V,y, z) (see Milgrom and Segal, 2003, Theorem 1). From
these properties of J, it follows that the difference j(Vg, Y, 2) — j(Vl, y, z) is such that

J(Va,y,2) — J(Vi,y,2) = F'(v*(t,y, 2),t,y, 2)dt € | ————, -

. - /V2 Vo-Vi VoW
i v v

(ii) Next, we want to prove that .J satisfies property (J2) of the set 7. To this aim, let (V,y, 2)
be an arbitrary point in X x Y x Z. Also, let 79 denote the tuple (7r170,1~/170,171,0, VQ,[)), where
71,0 =0, ‘71,0 =T, Vl,o = 17270 = g. The firm’s value j(V,y, z) is such that

J(V.y,2) <§+Zz+B0J—min, g, {Z?:l mo (Vi = B2),s.8. Yoy miV; = V}
<G+zZ+P6J—v e —pBz) < J,

where the first inequality makes use of the bounds on y, z, w and J, and the second inequality

makes use of the convexity of v=1(.). Also, the firm’s value J(V,y, z) is such that
J(V,y,2) > F(h0,V,y,2) 2 y+2— v\ (& — Ba) + B3L > J,

where the first inequality makes use of the fact that vy belongs to I', and the second inequality

makes use of the bounds on y, z,w and J.

(iii) In Appendix F, we prove that J is concave with respect to V. Hence, J satisfies property
(J3) of the set J. [ |

Now, consider two arbitrary functions J,, J, € J. Let 0,, Ry, Dn, Un, F, and jn denote
the functions computed with J,. Similarly, let 0,, Ry, p,, U, F. and J, denote the functions
computed with J, € J. The next lemma proves that as the distance between J,, and J, converges
to zero, the distance between J,, and J, converges to zero as well. That is, the mapping T is

continuous.

Lemma 5.2. For any p > 0 and any J,, J, € J, if ||J, — Jr|| < p, then
Hjn - er < 6)\604;[) (P) J+ ajp, (5'4)

where _ _
ay=aw+B[(1+Ae) (14 Byoy) + AeBpayg J],
apy =(Aear+ay +1)/(1=Xe), apw=p (aU +ap + )\eOZR) /U
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PROOF: For the sake of brevity, suppress the dependence of various functions on (g, 2). Let p > 0
be an arbitrary real number. Let J, and J, be arbitrary functions in J such that ||.J, — J;|| <
p. Let (V,y,z) to an arbitrary point in X x Y x Z. Without loss in generality, assume that
jn(V,y, z) < jT(V, y,z). (If jn(V, y,z) > J}(V,y, %), just switch the roles of J, and J, in the
proof below).

Denote as vy, = (71, VLT, VLT, %T) a tuple such that v, € I"and F,.(v, V,y, 2) = J.(V,y, z). Also,
denote as w; , and d; , the wage and the separation probability implied by (5.3) for F((y,V,y,2) =
Fr(%"’ V,y, Z)' Denote as vy, the tuple (7"—1,717 ‘71,77,’ Vl,nv ‘72,71)’ where Tin = T1,r, ‘71777, = ‘71,7‘7 and

‘A/z',ra if [m,r + /\eRn(‘A/i,r) - Un] [‘A/z',r + )\eRr(‘A/i,r) - U’I‘] > 07
Vin =13 Un = AeRu(Vin) + p, if Vie + XeRn(Viy) < Uy Vi + XeRo (Vi) > Uy, (5.5)
Un = AeRn(Vin) = p, i Vip + AeBn(Vir) = Un, Vi + ARp (Vi) < Up.

Let w;,, and d;,, denote the wage and separation probability implied by (5.3) for F(vy,V,y, 2) =
Fo(vn, V,y, z). Note that (5.5) implies d;,, = d; ;.

First, we want to bound the distance ||V;,, — V;,||. To this aim, let (§, 2) denote an arbitrary
point in Y x Z. Consider the case in which VM + )\eRn(Vi,T) — U, has the same sign as Vi,r +
)\eRr(‘A/iyr) — U,. In this case, Vm = Vi,r and, hence, ||Vm — VZTH < aypp. Next, consider the case
in which Vi,r + )\eRn(Vi,r) — U, has a different sign from Vi,r + )\eRT(Vi’r) — U,. In this case, the
absolute value of Vim + )\eRn(Vi,T) — U, is such that

‘A/ti,r + /\eRn(‘A/i,r) - Un ‘A/i,r + )\eRn(‘A/ti,r) - Un - (‘A/i,r + )\eRT(‘A/i,T) - Ur)

<

(5.6)
< ()\eaR + OdU) P

where the second inequality makes use of the bounds in (4.9) and (4.12). Moreover, the absolute

value of Vi,r + /\eRn(VW) — U, is such that

Vie + XAeRa(Vie) = Un| = [Vie + AR (Vi) = Un — (Vi + XeRn(Vi) = Un)| = p

(5.7)

> (1_/\6) ‘A/i,r _‘A/:L',n iy

where the equality makes use of the definition of Vm in (5.5), and the inequality makes use of
the bounds in (4.6). From (5.6) and (5.7), it follows that (0 <) Vi, — Vi, < ayp and, hence,
Vi — Vil < ayp. Since these results hold for all (,2) € Y x Z, we have

Vi — Vil < app. (5.8)

Second, we want to bound the distance |w;, — w;,|. From the definitions of w;, and wj,,, it
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follows that v(w;,) and v(w; ) are
v(wir) = Vig— B85 [dipUy + (1= di) (Vi + AR (Vi)
V(Win) = Vi = BB [dinlUn + (1= dia) (Vi + AeRu(Vi))|
= Vi = BB [diUn + (1= dig) (Vi + AR Vin))]

where the last line makes use of the fact that, by construction, f/m = f/i,r and d; , = d; . From

the previous equations, it follows that the distance between v(wj,) and v(wj,) is such that

[v(wipn) —v(wiy)| >0 win — wiy
b b b b

)

[w(win) = v(wir)| < B8 {|Un = Unl + | [Vi + ARa(Vi)| = [Vir + ARa(Vi0)] |}

A ) A [ § (5.9)
+BE; {) Vi AcRa(Vir)| = [ Vi + AR (Vi) ’}
< B (ay + ay + Aear) p,

where the last inequality makes use of the bounds in (4.12), (5.8) and (4.9). Taken together, the
two inequalities in (5.9) imply that

Wi n — Wi p| < ayp. (5.10)

Third, we want to bound the distance between (1 — Aeﬁn(ffm)),}n(f/m) and (1 —)\eﬁr(‘z,r))Jr(%m)
To this aim, note that the distance between Jn(Vm) and Jr(f/i r) is such that

)

(Vi) = Jo(Vir)| < 1 Jn(Vin) = Tn(Vii) | + [Jn(Vii) = Jo(Vir)

<

< (14 Bjay)p,  (5.11)

where the last inequality makes use of the bounds in (5.8). Also, note that the distance between

A A~ A

Pn (Vi) Jn(Vin) and p,. (Vi) (Vi) is such that

ﬁn(‘/;,n)t]n(v;m,) - ﬁr(‘z,r)t]raz,r)

A A A A

S ﬁn(f/z,n) Jn(Vz,n) _Jr(%,n) +25n(‘/;,n) JT(V;',n) _JT( i,r) (5 12)
+ Jr(f/i,r) ﬁn(f/z,n) _ﬁn(f/i,r) + Jr(‘A/i,r) ﬁn(f/i,r)_ﬁr( Ai,r)

< (14 Byay + Byayd) p+ ap (p) J,
where we have used Lemma 4.10 to bound the last difference. From (5.11) and (5.12), it follows

that R R R R
|0 = Abn (Vi) Ju(Vin) = (1= Achp (Vi) (Vi)

(Vi) = Jo (Vi)

< (Vi) Jn (Vi) = Br (Vi) T (Vi) (5.13)
< )\eOép (p) j+ [(1 + )\e) (1 + Bjav) —+ )\eBpaVﬂ 0.
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Finally, we want to bound the distance between jT(V, y,z) and jn(V, y,z). To this aim, note
that the difference jr(‘/', Y,2) — jn(V, y, z) is positive (by assumption). Also, note that the differ-
ence J,(V,y,2) — Ju(V,y, 2) is smaller than F,(v,, V,y, 2) — Fn(7m, V., y, 2) because J.(V,y, z) =
Fr(v,V,y,2) and E,(yn, V,y,2) < Jn(V,y,z). From these observations and the bounds (5.8),
(5.10) and (5.13), it follows that

0 S j?“(‘/a y:z) - jn(‘/a yaz) S FT(F}/M ‘/aya Z) - Fn(’ynv‘/;ywz)
21221 T r {’wz,n - wi,r’ + ﬁEé H(l - )\eﬁn(f/z,n))c]n(f/;,n) - (1 - )\eﬁr( i,r))Jr( i,r)
< BAeoy (p) J+ {aw + 3 [(1 + Ae) (1 + BJon) + )\eBpoaVﬂ } 05

IN

Since the above inequality holds for all (V,y,2) € X x Y x Z, it implies the result stated in the

lemma. [ |

5.2. Existence of a Block Recursive Equilibrium

Now, we are in the position to establish the paper’s main result.

Theorem 5.3. There exists a Block Recursive Equilibrium.

PRrROOF: First, fix £ > 0 to be an arbitrary real number. Let p. be the unique positive solution
for p of the equation BAcay, (p) J +ajp = €. For all J,, J, € J such that ||.J, — J,|| < pe, Lemma
5.2 implies that ||T.J,, — T'J,|| < e. Hence, the equilibrium operator 7' is continuous. Next, let p,
denote the minimum distance between distinct elements of the set Y, and p, the minimum distance
between distinct elements of the set Z, i.e. p, = miny |y; — y;| and p, = ming |2 — z;|.12 Also,
let ||.|| z denote the standard norm on the Euclidean space X x Y x Z. Let p. = min{v'e, py, p. }.
For all (Vi,y1,21), (Va,92,22) € X XY X Z such that ||(Va,y2,22) — (Vi,y1, 21)|| g < Pe and all
J € J, Lemma 5.1 implies that 7T'J satisfies the property (J1) of the set J and, consequently,
(TJ)(Va,y2, z2) — (T'J)(Va,y2, 22)| < €. Hence, the family of functions T'(J) is equicontinuous.
Finally, Lemma 5.1 implies that the equilibrium operator T" maps the set of functions J into

itself.

From these properties, it follows that the equilibrium operator T' satisfies the conditions of
Schauder’s fixed point theorem (Stokey and Lucas with Prescott, 1989, Theorem 17.4). There-
fore, there exists a firm’s value function J* € J such that TJ* = J*. Denote as 60* the market
tightness function computed with J*. Denote as R* and m* the search value and policy func-

tions computed with 6*. Denote as U* the unemployment value function computed with R*.

19Tf ¥ contains only one element, we can set p, = 1. Similarly, if Z contains only one elemet, set p, = 1.
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Denote as ¢* the contract policy function computed with J*, 6%, R*, m*, and U*. The functions
{0, R*,m*,U*, J*, c*} satisfy the conditions (i)—(v) in the definition of a recursive equilibrium.
The functions {6*, R*, m*,U*, J* ¢*} depend on the aggregate state of the economy, 1, only
through the aggregate component of productivity, y, and not through the distribution of workers
across different employment states, (u, g). Hence, the functions {6*, R*, m*,U*, J* c*} constitute

a Block Recursive Equilibrium. |

Directed search is necessary for existence of a Block Recursive Equilibrium. To see this
necessity clearly, suppose that search is random. Then the equilibrium condition (2.7) is replaced
by

k> lglgngwnﬂ ($7¢) J($7¢aZO)7 (5'14)

and 0(¢) > 0, with complementary slackness. The term on the LHS of (5.14) is the cost of
creating a vacancy. The expression on the RHS of (5.14) is the maximized benefit of creating a
vacancy. The first term on the RHS is the probability that a firm meets a worker. The second
term denotes the probability that a worker met by a firm is willing to accept an employment
contract that provides him with the lifetime utility . The third term is the value to the firm
of being matched with a worker to whom it has promised the lifetime utility z. With random
search, x is a random draw from the offer distribution, and so a worker’s acceptance probability of
a new match depends on the distribution of workers across employment states. The equilibrium
condition (5.14) holds only if the distribution affects also the equilibrium market tightness or
the firm’s value function. In either case, the equilibrium fails to be block recursive with random
search. In contrast, directed search eliminates the dependence of the acceptance probability on
the distribution of workers because a worker always accepts a job that he chooses to search for;

that is, I (z*,v) = 1 where z* = m (V,1).20

For the sake of completeness, let us list three other assumptions about the production tech-
nology and the search process that are necessary for existence of a Block Recursive Equilibrium:
the linear production function, the vacancy cost independent of the aggregate vacancy rate, and
a matching technology with constant returns to scale. If the production function were either con-
cave or convex, the distribution of workers across different employment states would affect the
output of a match and, in turn, the firm’s value function, the market tightness function and the
value of unemployment. If the vacancy cost depends the aggregate vacancy rate, the distribution

of workers across different employment states would affect the aggregate vacancy rate, the vacancy

20When m (V, ) is strictly increasing in V, the workers are endogenously separated into different submarkets
in the search process. This endogenous separation is a common feature of directed search (e.g., Moen, 1997, and
Acemoglu and Shimer, 1999), and it also holds in the presence of ex ante heterogeneity (e.g., Shi, 2001).
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cost and, ultimately, the equilibrium market tightness. Finally, if the matching process between
vacancies and applicants exhibits non-constant returns to scale, the distribution of applicants
across different submarkets (and, hence, the distribution of workers across different employment
states) would affect the market tightness function and, in turn, the firm’s and worker’s value
functions. We emphasize that these assumptions are standard and that they alone do not lead
to block recursivity of an equilibrium. For example, they are maintained in the models of search
on the job by Burdett and Mortensen (1998), Postel-Vinay and Robin (2002), and Burdett and

Coles (2003), where the equilibrium fails to be block recursive because search is undirected.

6. Block Recursive Equilibrium with Fixed-Wage Contracts

In the model with fixed-wage contracts, the equilibrium operator T' may not be continuous. For
example, the search value function, R, and the unemployment value function, U,,, computed with
the firm’s value function J,, may be such that the worker prefers being employed at the wage w
than being unemployed. However, given a firm’s value function J, that is arbitrarily close to J,,
the search value function, R,, and the unemployment value function, U,, may be such that the
worker’s preference ordering between employment at the wage w and unemployment is reversed.
When this is the case, the probability with which a worker leaves a job that pays the wage w is
not continuous in J and, hence, the firm’s value from employing a worker at the wage w, K(w, s)

defined in (2.5), and the firm’s updated value function, 7'J, are not continuous in .J.2!

Since the equilibrium operator 1" may not be continuous, we cannot appeal to Schauder’s
theorem in order to prove existence of a fixed point of 7', and, in turn, existence of a Block
Recursive Equilibrium. Instead, we adopt the following strategy. We consider a proxy of the
model with fixed-wage contracts in which a worker is not allowed to voluntarily quit his jobs
during the separation stage. Formally, in this proxy model, the equilibrium conditions (2.4) and

(2.5) are replaced by

H(w,$) = w+ BBy {0U (W) + (1= 8) [H(w,d) + A max{0, RCH (w, $), )} |}, (61)
and
K(w,s) = y+z—wt (- 0)Bs [(L- Ab(H(w,d). O)E(Hw$).8)] . (62)

We prove that the equilibrium operator associated with the proxy model admits a fixed point

because it satisfies all the conditions of Schauder’s theorem (including continuity). Finally, we

21This discontinuity does not occur with dynamic contracts, because the future wage path (i.e., the promised
future value) can be adjusted to ensure that job separation rates are close to each other whenever the firm'’s value
functions are close to each other. See the proof of Lemma 5.2.
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use the fixed point to construct a Block Recursive Equilibrium of the proxy model. If, along the
equilibrium path, a worker never has the incentive to quit his job during the separation stage,

the BRE of the proxy model is also a BRE of the original model.

6.1. Employment Value

Given an arbitrary firm’s value function J € J, let R denote the search value function that
solves the equilibrium condition (2.1), and U the unemployment value function that solves the
equilibrium condition (2.2). Given R and U, an employment value function is a solution to the

equilibrium condition (6.1) if and only if it is a fixed point of the mapping Ty defined as

(Tup)(w, ) = w+ BB {0U() + (1= ) [p(w, ) + e max{0, Rig(w, ), )} . (63)

In Lemma 6.1, we prove that there exists a unique fixed point of the mapping T within the set
C(W xY) of bounded continuous functions ¢ : WxY — R (where W is defined below). Therefore,
there exists a unique employment value function, H, that satisfies the equilibrium condition (6.1),
and depends on the aggregate state of the economy, 1, only through the aggregate component of
productivity, y. Moreover, in Lemma 6.1, we prove that H is strictly decreasing and bi-Lipschitz

continuous in w.

Lemma 6.1. Let W = [w, w], where w is given by [1 — B(1 — §)]z — poU and w by z — S[1 —
B(1—8)]"L(w + BSU). (i) There exists a unique function H € C(W x Y) such that H = Ty H.
(ii) For ally € Y and all wy,wy € W, w1 < wy, H is such that

wy —wy < H(wz,y) — H(wy,y) < (w2 —wi)/[1—B(1—96)]. (6.4)
(iii) For ally € Y, H is such that
Hw,y) <z, Z<H(wy), allyeY. (6.5)

PROOF: In Appendix D. |

From the properties of the employment value function, H, we can derive some properties of
the wage function, h, which is the solution of the equation H(w, ) = V with respect to w. First,
since H is strictly increasing in w, h is well-defined. Second, since H is strictly increasing and
bi-Lipschitz continuous in w, h is strictly increasing and bi-Lipschitz in V. More specifically, for

ally € Y and all Vi, V5 € X, with V; < Vs, we have

[1=B(1—=0)](Va—V1) <h(Va,y) = h(Vi,y) < Vo — W1 (6.6)
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Finally, since H is strictly increasing in w and satisfies property (6.5), h(V,y) belongs to the
interval W for all (V,y) € X x Y.

Now, consider two arbitrary functions J,, J,. € J. Let R, U,, H, and h,, denote the functions
computed with J,. Similarly, let R,, U,, H, and h, denote the functions computed with J,. € J.
Lemma 6.2 proves that as the distance between J,, and J, converges to zero, the distance between
H, and H, and the distance between h, and h, both converge to zero. That is, H and h are

continuous in J.

Lemma 6.2. For any p > 0 and any J,, J,. € J, if ||Jn, — Jr|| < p, then

HHn - HrH < app, th - hrH < app,

(6.7)
ap = B (o + Aear) / (1 = B).

PROOF: Let p > 0 be an arbitrary real number; let J,, and J, be arbitrary functions in J such
that ||J, — Jr|| < p. Let (w,y) be an arbitrary point in W x Y. Then, the distance between
H,(w,y) and H,(w,y) is such that

| Hy(w,y) — Hr(w,y)]
< BE{|Un(y) — Ur(y)| + Ac |max{0, Rn(Hy(w,9), 9)} — max{0, Ry (Hn(w,9),9)}}
+ BBy {[Hn(w, §) + Ae max{0, Ry (Hn(w,9),9)} — Hr(w, §) — Ae max{0, Ry-(Hy(w, ), 9)}}
< B(au+Aear) p+ BlHy — Hyll,

where the last inequality makes use of the bounds in (4.12), (4.9), and (4.6). Since the above
result holds for all (w,y) € W x Y, the RHS is an upper bound on ||H, — H,||. Re-arranging
terms yields the bound on ||H,, — H,|| given by (6.7).

Now, let (V,y) be an arbitrary point in X x Y. The distance between h,(V,y) and h,(V,y) is

such that
|hn(‘/7 y) - hr(va y)| < ’Hn(hn(v7 y),y) - Hn(hr(v7 y)ay)|

= [Hr(h(V,9),y) = Hu(he (Vs 9), y)| < anp,
where the first inequality uses the fact that H,(w,y) satisfies condition (6.4), and the equality
uses the fact that Hy,(h,(V,y),y) = Hr(h(V,y),y) = V. Since the above result holds for all
(V,y) € X x Y, the RHS is an upper bound on ||k, — k.||, as given by (6.7). [

6.2. Value Function of the Firm

Let H and p denote the employment value function and the separation probability computed

with an arbitrary function J € J. Given H and p, a firm’s value function is a solution to the
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equilibrium condition (6.2) if and only if it is a fixed point of the mapping Tk defined as

(Tkp)(w,s) =y +2z—w+ (1 -06)Bs [(1 = Aep(H (w, ), §))p(w, 8)] . (6.8)

In Lemma 6.3, we prove that there exists a unique fixed point of the mapping Tk within the set
C(W xY x Z) of bounded continuous functions ¢ : W x Y x Z — R. Therefore, there exists a
unique firm’s value function, K, that satisfies the equilibrium condition (6.2), and that depends
on the aggregate state of the economy, v, only through the aggregate component of productivity,
y. Then, we prove that K is bounded between K and K, where

e ly+z-o| |5+z—w
‘KKmaX{l—/@(l—é)’l—ﬁ(l—é) |

Finally, we prove that K is bi-Lipschitz continuous in w. That is, for all w; < ws, the difference

K(ws,y,2) — K(w1,y, z) is bounded between —B(wy — w1) and — B (wy — w1 ), where

B _ 1—B(1=96) (14 A\B,K) 5 1-B(1—=68)(1+\B,K)
SET N -BA-0I-BA-0)A -2 " p-pa-oF

In the remainder of this section, we will assume that the parameters of the model are such that

0 < By < Bg < 00.22

Lemma 6.3. (i) There exists a unique function K € C(W x Y x Z) such that K = Tx K. (ii)
For all (y,z) € Y x Z and all wy,ws € W, with w; < we, K is such that

—Bg (w2 —w1) < K(wy,y,2) — K(w,y,2) < =By (wg —w), (6.9)
(iii) For all (w,y,z) € W xY x Z, K is such that
K(w,y,z2) € K, K]. (6.10)

PRrOOF: In Appendix E. |

Now, consider two arbitrary functions J,, J, € J. Let Ry, U,, H,, h, and K,, denote the
functions computed with J,,. Similarly, let R,., U,, H,, h, and K, denote the functions computed
with J, € J. Lemma 6.4 proves that as the distance between J,, and J,. converges to zero, the

distance between K,, and K, goes to zero as well.

221t is immediate to verify that the condition 0 < B < Bk < 00 is satisfied as long as the probability A. that
an employed worker has the opportunity of searching is not too large.
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Lemma 6.4. For any p > 0 and any J,,, J, € J, if ||J,, — J;|| < p, then
[ Kn — Kr|| < ak(p),
ak(p) = B(1 — 8)AK (Bpanp + app(p)) / [L — B(1 = 6)].

PROOF: Let p > 0 be an arbitrary real number; let J, and J,. be arbitrary functions in J such

(6.11)

that ||J, — Jr|| < p. Let (w,y,2) be an arbitrary point in W x Y x Z. The distance between
Ky, (w,y,z) and K,(w,y, z) is such that

| Kn(w,y, 2) — Kp(w,y, 2)|
< B = 0)Es {[Kn(w,y,2) — Kr(w,y,2)[}
+ B = ONKEs {[pn(Hn(w, 9),9) — Do (Hr (w0, 9), 9)| + Do (Hr(w,9),§) — D (Hp(w, ), )|}
< B =0) [[IKn — Kill + AeK (Bpanp + oy (p))]

where the last inequality makes use of the bounds in (6.7), (6.9) and (4.4). Since this result holds
for all (w,y,z) € W xY x Z, the RHS is an upper bound on ||K, — K,||. Re-arranging terms
yields the bound on || K, — K| given by (6.11). [

6.3. Existence of a Block Recursive Equilibrium

In the previous subsections, we have computed the employment value function, H, the wage
function, h, and the firm’s value function, K, associated with an arbitrary J € J. In this
subsection, we insert K and h into the right hand side of the equilibrium condition (2.6), and we

compute an update, J = T'J, for the value function .J. More specifically, J is given by

J(Vyy,2) =max Y+ mK(h(Vi,y),y, 2),

5, Vi
s.t. V=32 mV, (6.12)
me[0,1), m +m =1,V € X.

The updated function, J, has four properties. First, J depends on the aggregate state of
the economy, ¢, only through the aggregate component of productivity, y. This property follows
immediately from the fact that both the objective function and the choice set on the right hand
side of (5.1) depend on % only through y. Second, the updated value function, J, is bi-Lipschitz
continuous in V. More specifically, for all (y,z) € Y x Z and all V1, Vo € X, with V] < V3, the
difference j(Vg, Y, z)—j(Vl, y, 2) is bounded between — Bx (Vo—V7) and —Bc (1—£(1-0))(Va—VW)
(see part (i) in the proof of Lemma 6.5). Third, J is bounded in [, J] for some bounds J and
J that are independent of J and J. More specifically, for all (V,y,2) € X xY x Z, J(V,y,2)

is greater than K and smaller than K (see part (ii) in the proof of Lemma 6.5). Finally, .J is
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concave in V (see part (iii) in the proof of Lemma 6.5). Therefore, given the appropriate choices
of B;, By, J, and J, the updated value function, .J, satisfies conditions (J1), (J2) and (J3) and,

hence, it belongs to the set 7. This argument is formalized in the following lemma:

Lemma 6.5. Set J = K, and J = K. Set B; = Byi(1 — 3(1 —§)) and By = Bg. Then, the
updated value function, j, belongs to the set J.
PROOF: (i) Let (V,y, z) be an arbitrary point in X x Y x Z. Then, J(V,y, z) is such that

j(‘/v Y, Z) < maxy, « x K(h(Vb y)? Y, Z) < maxyew K(w> Y, Z) < K?

j(‘/a Y, Z) > minf/lex K(h(vla y)? Y, Z) < minwEW K(wa Y, Z) > Ky
where we used the fact that if V; € X then h(Vi,y) € W. The above inequalities imply that J
satisfies property (J1) of the set J.

(ii) Let (y,z) be an arbitrary point in Y x Z, and Vi, Vi two arbitrary points in X, with
Vi < Vs, Let {Wi,17‘7i,1}12:1 denote the maximizer of (6.12) for V' = Vi, and {m,g,x?z,g}le the
maximizer of (6.12) for V' = V5. Let {Ai71}12:1 be a vector such that E?Zlmg(f/i,l + A1) =V,

and A;q € [0,z — V;1]. Also, let {Ai,g}?zl be a vector such that 2?2177172(%72 — A;2) = V) and
A2 €[0,V;2 —z]. Note that {m; 1, f/z’,l + Ai,l}?zl belongs to the choice set of (6.12) for V = V4.
Therefore,
JVay,2) = JA,9,2) = S0 mi [K((Vi + Aisy),9,2) = K(b(Via, )0, 2)]
> —Bg {23:1 i1 <h(‘7z’,1 +Ai1,y) — h(ffi,lay)ﬂ
= —Bg(Va — V1)
Next, note that {m; 2, f/l-,g — A@g}?:l belongs to the choice set of (6.12) for V' = V5. Therefore,
J(Vary,2) = TV, 2) < S0 i [K((Viz ). 9.2) = K(h(Viz = Bio,y), 0. 2)]
< -Byg [Z?:l Ti2 <h(‘7i,27y) — h(Vig — Ai,2>y)>}
= —Byx(1 - B(1-0))(Va—V1).
The above inequalities imply that J satisfies property (J2) of the set J.

(iii) Finally, Appendix F shows that J is concave with respect to V. Hence, J satisfies property
(J3) of the set J. [ |

Now, consider two arbitrary functions J,,, J, € J. Let H,, h,, K, and jn denote the functions

computed with J,. Similarly, let H,., h,, K, and J, denote the functions computed with J,. € J.
32



Lemma 6.4 proves that as the distance between J, and J, converges to zero, the distance between

jn and jr goes to zero as well.

Lemma 6.6. For any p > 0 and any J,,, J, € J, if ||J, — J;|| < p, then
| Jn = Jll < aslp),  aslp) = ax(p) + Branp. (6.13)

PRrROOF: Let p > 0 be an arbitrary real number; let J, and J,. be arbitrary functions in J such
that ||J, — J;|| < p. Denote as H,,, hy, and K, the functions computed with J,,, and H, h, and
K, the functions computed with J,. Let (V,y,z) be an arbitrary point in X x Y x Z. The
distance between .J,(V,y, z) and J,(V,y, z) is such that

jn(‘/a Y, Z) - jT(V7 Y, Z)

IN

may, ¢ [[Bon (V) = (o (V)| + [ (7)) = K (e (V)

maxy,ex [BK |hn — Rl + | K — Kr|” <ak(p) + BKahP:

N

where the last inequality makes use of the bounds in (6.7), (6.9) and (6.11). Since this result
holds for all (V,y,z) € X x Y x Z, the RHS is an upper bound on ||.J,, — J,|. [ |

Lemma 6.5 implies that the equilibrium operator 1" maps the set J into itself. Moreover,
since the functions in the set J are bi-Lipschitz and the sets Y and Z are finite, Lemma 6.5
implies that the family of functions 7'(J) is equicontinuous. In addition, Lemma 6.6 implies that
the operator T is continuous. Since these properties of the operator 1" are sufficient to apply
Schauder’s fixed point theorem, there exists a function J* € J such that T'J* = J*. Clearly, the
firm’s value function J*, together with the associated tightness function 6*, search value function
R*, search policy function m*, and unemployment value function U*, constitute a Block Recursive

Equilibrium. This completes the proof of the following theorem:

Theorem 6.7. There exists a Block Recursive Equilibrium for the proxy of the model with

fixed-wage contracts.

For any Block Recursive Equilibrium of the proxy model, we can compute the worker’s value
of unemployment, U*(y), and the worker’s value of employment at the beginning of the search
stage, H*(w,y) + A\e max{0, R*(H*(w,y),y)}. A BRE of the proxy model is a BRE of the original
model if

U*(y) < H*(w,y) + Ae max{0, R*(H* (w, y),y)} (6.14)

for all equilibrium wages w and for all realizations of the aggregate component of productivity

y. This condition implicitly restricts the parameter values of the model. We do not explicitly
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characterize this restriction here. However, notice that, since unemployed workers search for jobs
that offer lifetime utility H*(w,y) greater than U*(y) and since employed workers search for even
better jobs, (6.14) is likely to be satisfied as long as aggregate productivity shocks are sufficiently

small. This is the case in the calibrated example below.

7. A Calibrated Example

In Sections 5 and 6, we have established existence of a Block Recursive Equilibrium for our
stochastic model of directed search on the job. In this section, we want to illustrate additional
properties of a BRE. To this aim, we calibrate the parameters of the model using the data on
the US labor market. Given the calibrated parameters, we construct the equilibrium operator T’
and we apply it to an arbitrary value function, J € J, until we reach a fixed point, J*. Then,
we construct a BRE by computing the agents’ value functions, policy functions and the market
tightness function associated with J*. For the sake of brevity, we report our findings only for the

version of the model with fixed-wage contracts.

The workers’ preferences are described by the discount factor 8, and the value of leisure b.
The search technology is described by the probability that an unemployed worker is able to look
for a job, Ay, by the probability that an employed worker is able look for a job, A., and by the
job-finding probability function, p(d). We assume that p(#) is of the form 6(1 4+ 67)~1/7. The
production technology is described by the vacancy creation cost k, the exogenous job-destruction
probability J, and the stochastic processes for the idiosyncratic and the aggregate components
of productivity. We assume that the idiosyncratic component of productivity, z, is always equal
to zero, and that the aggregate component of productivity, y, obeys a two-state Markov process,

with y € {0.95,1.05}. The unconditional mean of y is normalized to 1.

We set the model period to be one quarter. We set 5 equal to 0.987, so that the annual interest
rate in the model is 5 percent. We set k, §, and \. equal to 0.001, 0.045, and 0.3 respectively,
so that the average transition rates between employment, unemployment, and across employers
are the same in the model as in the US data.?> We normalize )\, to 1. We tentatively set -
equal to 0.5, which implies an the elasticity of substitution between vacancies and applicants of
2/3. Finally, we set b equal to 0.7, so that the consumption value of leisure is 70 percent of the

consumption value of work (a figure that is empirically supported by Hall and Milgrom, 2008).

Given these parameter values, we compute a BRE of the proxy model. In Figure 1, we plot the

market tightness as a function of the value offered by the firms to the workers, z, and conditional

#The data used for the calibration are described in Section 5 of Menzio and Shi (2008).
34



on the realization of the aggregate component of productivity, . In accordance with Lemma 4.1,
we find that the market tightness is decreasing with respect to x. Moreover, we find that the
market tightness is higher when the aggregate component of productivity is higher. Intuitively,
when y is higher, firms create more vacancies per applicant because the value of filling a vacancy

is higher.

In Figure 2, we plot the worker’s optimal search strategy as a function of the value, V, of
his current employment position, and conditional on the realization of the aggregate component
of productivity, y. In accordance with Lemma 4.3, we find that the worker seeks jobs that offer
more generous terms of trade (and are harder to get) when the value of his current employment
position is higher. Moreover, we find that the worker seeks jobs that offer more generous terms
of trade and are easier to get when the aggregate component of productivity is higher (see Figure

3).

In Figure 4, we plot the worker’s employment value as a function of the wage w, conditional on
the realization of the aggregate component of productivity, . Similarly, in Figure 5, we plot the
firm’s value of employing a worker as a function of the wage w, conditional on y. We find that the
worker’s value of being employed is increasing in w, while the firm’s value of having an employee
is decreasing in w. Moreover, we find that the worker’s and firm’s values are both increasing with
respect to the the aggregate component of productivity. Intuitively, when y is higher, the worker’s
value is higher because the value of unemployment and the return to searching are higher. The
firm’s value is higher because its periodical profit (conditional on the survival of the employment
relationship) is higher. From these properties of H* and K*, it follows immediately that the
firm’s value of filling a vacancy in submarket z is decreasing in z, and increasing in y (see Figure

6).

The equilibrium functions 8%, m*, and H* illustrate that the BRE preserves some attractive
qualitative features of the models by Burdett and Mortensen (1998), Postel-Vinay and Robin
(2002) and Burdett and Coles (2003). For example, the BRE generates residual wage inequality
because, if ex-ante homogeneous workers have different luck with their job searches, they will be
employed at different wages. The BRE features a positive return to tenure because workers who
are employed at lower wages search in tighter submarkets and, hence, have a higher probability
of leaving their job. For the very same reason, the BRE also features a negative relationship

between tenure and job hazard.

Finally, using the equilibrium functions 6*, m*, H*, K*, J* and U*, we simulate the life of an

unemployed worker. We find that, whenever the worker is employed, he prefers keeping his job
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than moving into unemployment. That is, we find that condition (6.14) is satisfied everywhere
along the equilibrium path. Therefore, the BRE of the proxy model is also a BRE of the original

model with fixed-wage contracts.

8. Conclusions

In this paper, we prove existence of a Block Recursive Equilibrium for a general model of directed
search on the job, which allows for aggregate shocks, idiosyncratic shocks, risk aversion, and
different specifications of the contractual environment. The BRE of our model preserves a number
of attractive qualitative properties of the models of random search on the job by Burdett and
Mortensen (1998), Postel-Vinay and Robin (2002), and Burdett and Coles (2003). That is,
the BRE features flows of workers between employment, unemployment, and across different
employers; it features residual wage inequality, and a positive return to tenure and experience.
However, the BRE of our model differs from these models in that it takes into account directed
search and that it is tractable for studying dynamics. In the equilibrium of the random search
models, the distribution of workers across different employment states is an infinite-dimensional
object which non-trivially affects the agents’ value and policy functions. In the BRE of our model,
the distribution of workers across different employment states does not affect the agents’ value
and policy functions. For this reason, while solving the equilibrium of the random search model
in a stochastic environment is a difficult task both computationally and analytically, solving the
BRE of our model is as easy as solving a representative agent model. These properties of the

BRE make our model both a useful and a practical tool for studying labor market dynamics.
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Appendix
A. Properties of the Set of Functions [J

Lemma A.1. J is a non-empty, bounded, closed and convex subset of the space of bounded,

continuous functions on X X Y x Z, with the sup norm.

PRrROOF: (i) Clearly, the set J is non-empty and bounded.

(ii) Next, we need to prove that the set J is closed. To this aim, let {.J,}2°; be an arbitrary
sequence with J, € J for every n, and with J,, — J (in the sup norm). Note that, since J, — J,

for every € > 0, there exists N(g) > 1 such that n > N(e) = ||J,, — J|| < e.

For arbitrary (y,z) € Y x Z and arbitrary Vi, Vo € X, with V; < V5, suppose that the difference
J(Va,y,2) — J(V1,y,2) is strictly smaller than —B;(Va — V). Let ¢ > 0 be one third of the
difference between —B (Vo —V3) and [J(Va,y, 2) — J(V1,9, 2)]. Let n be a natural number greater
than N (¢). Since ||J, — J|| < €, the difference J,,(Va,y, z) — J,(V1,y, 2) is such that
In(Vayy,2) = Jn(Vi,y,2) - < J(Va,y,2) = J(Vi,y, 2) + 2¢

=3 [J(Va,y,2) = J(Vi,y,2)] = 3B (V2 — V1)

< —Bj(Va—W).
The last inequality contradicts J,, € J. Therefore, J(Va,y,z) — J(V1,y,2) is greater than
—Byj(Va—Vi) for all (y,2) € Y x Z and all V4, Vo € X, with V; < V,. Using a similar argument,
we can prove that J(Va,y, z) — J(Vi,y, z) is smaller than —B ;(Vo —V}) for all (y,2) € Y x Z and
all Vi, Vo € X, with V; < V5. That is, J satisfies property (J1) of the set J.

For all (V,y,2) € X XY X Z, it is immediate to verify that J(V,y, z) € [J, J]. Hence, J satisfies
property (J2) of the set J. For arbitrary (y,z) € Y x Z, arbitrary Vi, Vo € X, and arbitrary o €
[0, 1], suppose that J(Vq, y, z) is strictly smaller than aJ(Vi,y, 2) + (1 —a)J(Va,y, 2), where V,, =
aVi+(1—a)Va. Let € > 0 be one third of the difference between [aJ(V1,y, 2) + (1 — a)J(Va,y, 2)]
and J(V,,y,2). n be a natural number greater than N (). Since ||J, — J|| < €, we have
In(Vary,2) < J(Va,y,2) +¢

=aJV1,y,2) + (1 —a)J(Va,y,2) — 2¢

< adyn(Vi,y,2) + (1 —a)J,(Va,y,2) — ¢

< adn(Vi,y,2) + (1 = @) Jn(V2, 9, 2).
The last inequality contradicts J,, € J. Therefore, J(V,,y, z) is greater than aJ(V1,y,z) + (1 —
a)J(Va,y, z) for all (y,2z) €Y x Z, all V1,V5 € X and all a € [0,1]. That is, J satisfies property

(J3) of the set J. This establishes that J € J and, hence, that the set J is closed.
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(iii) Finally, we need to prove that the set J is convex. To this aim, consider arbitrary Jp,
Jy € J and an arbitrary « € [0, 1]. Denote Jo(V,y,2) = aJ1(V,y, z) + (1 — a)J2(V,y, z). For all
(y,2) €Y x Z and all Vq, V5 € X, with V; < V3, the difference J,(Va,y, z) — Jo(V1,y, 2) is such

that
Joc(‘/éa Y, Z) - Ja(V1, Y, Z)

= o [‘]1(‘/27:% Z) - Jl(‘/layv Z)] + (1 - Oé) [JQ(VYvaa 2:) - J2(‘/iay> Z)]
€ [-B,(Va=W1),=B;(Va—W)].
Hence, J,, satisfies property (J1) of the set J. For all (V,y,2) € X xY x Z, it is immediate to verify

that Jo(V,y,z) € [J,J]. Hence, J, satisfies property (J2) of the set 7. For all (y,z) € Y x Z,
Vi, Va € X, and ¢ € [0,1], let V; = (Vi + (1 — () Va. Then, Jo(V¢,y, 2) is such that

Ja(Ve,y,2)
= ali(Vo,y,2) + (1= ) fa(Vi, 9, 2)
> al(i(Vi,y,2) + (1= Q) (Va,y,2)] + (1 — @) [(J2(Vi,y,2) + (1 = () J2(Va, y, 2)]
= ¢Ja(Vi,y,2) + (1= Q) Ja(V2,y, 2).

Hence, J, satisfies property (J3) of the set 7. This establishes that J, € J and, hence, that the

set J is convex. [ ]
B. Proof of Lemma 4.1

(i) For the sake of brevity, let us suppress the dependence of various functions on y and z. Let y
be an arbitrary point in Y, and let x1, x2 be two points in X with 1 < 9. First, consider the

case in which z1 < x5 < Z. In this case, the difference 0(x3) — 0(x1) is equal to

k/J(z2)

O(x2) = 0(x1) = ¢~ (k/J(22)) — q" ' (k/J (21)) = / g (t)dt, (B.1)

k/J(w1)
where the first equality makes use of (4.1), and the second equality makes use of the fact that
J(x1) > J(x3) > k > 0. For all x € [z, 7], the derivative of the inverse function ¢~!(.) evaluated

at k/J(x) is equal to 1/¢'(6(x)) € [1/¢'(0),1/4'(0)], where 1/¢'(6) < 1/¢'(0) < 0. Therefore, the
last term in (B.1) is such that

1 k k /WW Ly 1 ( k k >
_ — < qg ()dt < — . B.2
70 (56~ 7em) ey & S0 T T (52)
The difference k/J(x2) — k/J(x1) is equal to
k k J@)
h [k,
J(@2)  J(@1)  Ji@) ¢



For all z € [z,7], J(x) is strictly decreasing in  and it is bounded between J and k. Therefore,

the integral on the RHS above is such that

J@1) 1 B
[ gt < g ) = Ja) < Fwa = o)
Je2) (B.3)
J(z1) [ k Bk ’
/Jm) it > = [T(e1) — Tw2)] 2 S5 2 — ).
Taken together, (B.2) and (B.3) imply that the difference 6(z2) — 6(x1) is such that
BJ EJk
= — <46 -0 < ——=(x9 — 11). B4
q’(@)k(m z1) < 0(x2) — 0(x1) < 700 (z2 — 1) (B.4)

Next, consider the case in which 1 < & < x9. In this case, the difference (xz2) — 0(x1) is such

that

O(zs) — O(21) = 0() — O(a1) < q%f); @-m) <0,
_ By . By
O(x2) — 0(x1) = 0(%) — O(x1) > m(x —x1) > q’(g)k(@ — 1),

where the first equality in both lines makes use of the fact that 6(z2) = 6(Z), and the first
inequality in both lines makes use of the bounds in (B.4). Finally, consider the case in which

Z <1 < x9. In this case, (4.1) implies that 6(z1) = (x2) = 0.

(ii) The function p(@) is strictly increasing in 6. The function 6(x) is strictly decreasing in x for
all z € [z, Z]. Therefore, the composite function p (6 (x)) is strictly decreasing in = for = € [z, Z|.
In order to prove that the composite function p (6 (x)) is strictly concave in = for x € [z, 7],
consider arbitrary 1, o € [z,Z], with 1 # z3, and an arbitrary number @ € (0,1). Let
o = ax1 + (1 — a)za. Since the function J(x) is concave in z and the function k/x is strictly

convex in x, we have

k k k k

) = ade) (=)t ~ Ty Y Ty

Since p(g!(.)) is strictly decreasing and weakly concave, the previous inequality implies that

plat (k/J(za)) > plg~Hak/ T (z1) + (1 — a)k/J(x2)))

(B.5)
> ap(qt(k/J(21))) + (1 — a)p(q~H (k/ T (22)))-
Since ¢~ (k/J(z)) is equal to O(z) for all = € [z, Z], (B.5) can be rewritten as
p(0(za)) > ap(0(z1)) + (1 — a)p(6(x2)). (B.6)

This establishes that the composite function p (0 (z)) is strictly concave in x for all x € [z, Z].
|
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C. Proof of Lemma 4.6

(i) For all @1, 2 € C(Y'), with 1 < g, the difference Ty — Ty is such that
(Tre2)(y) — (Tuer)(y)
= BBy {p2(9) = 1(9) + Au [max{0, R(¢2(9), )} — max{0, R(¢1(9),9)}]} = 0,
where the last inequality uses the fact that the function V' + A, max{0, R(V')} is increasing in V.
For all ¢ € C(Y') and all a > 0, T7(¢ + a) is such that

Tu(e+a)l(y) = Tue)(y) + LBy {a+ Ay [max{R(¢ + a),0} — max{R(p),0}]}
< (Tup)(y) + Ba,

where, for the sake of brevity, we have suppressed the dependence of various variables from the

(C.1)

(C.2)

aggregate state §. Conditions (C.1) and (C.2) are sufficient to prove that the operator Ty is a
contraction mapping (Stokey and Lucas with Prescott, 1989, Theorem 3.3). Hence, there exists

one and only one U such that Ty U = U.
(i) Let ¢ € C(Y) be a function that is bounded between U and U. Then, Ty is such that
(Tue)(y) = v(b) + U = U,
(Tue)(y) < v(b) + BT = U,
where the first line makes use of the facts that ¢ > U and R(¢(79),9) > 0; and the second line
makes use of the fact that ¢+ A, max{0, R(¢(9),9)} < Z. From the inequalities in (C.3), it follows

(C.3)

that the operator 7y maps the set of functions that are bounded between U and U into itself.
Since the operator Ty is a contraction, it follows that its fixed point, U, is bounded between U

and U. |

D. Proof of Lemma 6.1

(i) For all ¢1,p2 € C(W X Y), with ¢1 < 9, the difference T2 — Tre1 is such that
(Tup2)(w,y) — (Tuer)(w,y)

_ _ | P2 (w> 3}) + Ae maX{O> R((pg (wv @)7 Z))}
=AU =08 | Z0 (,9) - Ae max{0, R(g1 (w, ), 9)} | =

where the last inequality uses the fact that the function V' + A\ max{0, R(V,9)} is increasing in
V. Forall o € C(W xY) and all a > 0, Ty (¢ + a) is such that

[Tu(p +a)l(w,y) =w+ BE;{0U + (1 —9)[p(w, §) + Ae max{0, R(p(w,9),9) H}
+6(1 = 6)Ey {a + Ae max{0, R(p(w,7),y)} — Ae max{0, R(p(w,§) +a,9)}}
< (Tue)(w,y) + B(1 = d)a,

(D.1)

(D.2)
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where the last inequality uses the fact that R(V, ) — R(V +a, ) < 0. Conditions (D.1) and (D.2)
are sufficient to prove that the operator T is a contraction mapping. Hence, there exists one

and only one H such that Ty H = H.

(ii) Let ¢ € C(W x Y) be a function that satisfies condition (6.4). Let y be an arbitrary point
in Y, and wi, wy two arbitrary points in W with w; < ws. For all § € Y, the difference
fwa,§) — f (w1,9) is bounded between 0 and [1 — B(1 — 6)] ! (wg — wy). Therefore,

(Tue)(w2,y) — (Te) (w1, y)

v [ #(w29) + A max{0, Rp(wz.5).5))
=w2 =+ B0 =By | T g) — A max{0, R(p(wr,9). 5)} (D-3)

€1, 1/[1 =B =)} (wz — w1).
The bounds in (D.3) imply that the operator T maps functions that satisfy (6.4) into functions
that satisfy (6.4). Since Ty is a contraction, its unique fixed point H satisfies (6.4).

(iii) Let V' denote (w+ B6U) /[1 — B (1 —6)]. Let ¢ € C(W x Y) be an arbitrary function such
that (T f) (w,y) € [z, V] for all y € Y. The function T is such that (Tyyp) (w,y) € [z, V] for

all y € Y, because
(Tre) (w,y) >+ B6U + 5 (1 - 0) z = z,

(Tye) (0,y) <@+ BSU+B(1 -8V =V.
Therefore, the fixed point, H, is such that H (w,y) € [z, V] for all y € Y. Moreover, H(w,y) < x
for all y € Y, because

H(w,y) <w+ B [6U + (1= 6)Ey [V + Aemax{0, R(V,§)}]] < z. |

E. Proof of Lemma 6.3

(i) It is immediate to verify that, for all p1, 2 € C(W XY x Z), if 1 < g then Txp1 < Txo.
It is also immediate to verify that, for all ¢ € C(W xY x Z) and all a > 0, Tk (¢ + a) is smaller
than Tk + Ba. These two conditions are sufficient to prove that the operator T is a contraction

mapping. Hence, there exists one and only one K € C(W x Y x Z) such that Tk K = K.

(ii)-(iii) Let ¢ € C(W x Y x Z) satisfy conditions (6.9)—(6.10). Let (y, z) be an arbitrary point in

Y x Z, and wy, wy arbitrary points in W with w; < wy. The difference between (Txk¢)(w2,y, 2)
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and (Tky)(w1,y, z) is such that

(Tke)(w2,y,2) — (Tkp)(w1,y, 2)

wy — wz + B(1 = 6)Bs {[1 — Aep(H (w2, 9), §)] (w2, 9, 2) — (w1, 9, 2)]}

B(1 = 8)Es {Ae [p(H (w1,9),9) — p(H (w2,9),9)] p(w1,9,2)} (E.1)
- {1 +B(1=8)(1—Ae)Bg —[1—B(1=6)] 7" B(1 - 5)AeBpK} (wg —wy)

_EK(MZ - w1)7

IN -+

where the first inequality makes use of the bounds in (6.6), (6.9), (4.8) and (6.10). Moreover, the
difference between (Txk¢)(wa,y, z) and (Tx¢)(w1,y, z) is such that

(TK(P)(w%yaz) - (TKQO)(wlayv Z)
> - {1 LB —8)Br—[1—B(1—-8)] 80— 5)A63p5} (ws — wr) (E.2)
= _BK(w2 - w1)7

where the first inequality makes use of the bounds (6.6), (6.9), (4.8) and (6.10).

Let w be an arbitrary point in W. Then, Tk is such that

(Tke)(w,y,2) <G+ z2—w+B(1— 5)i < if 3

(TK@)(MM%Z)ZQ+§_7D+6(1_5) )KZK

Inequalities (E.1)—(E.3) imply that the operator Tk maps functions that satisfy conditions (6.9)—
(6.10) into functions that satisfy (6.9)—(6.10). Since the operator Tk is a contraction, its unique
fixed point, K, satisfies conditions (6.9)—(6.10). [ |

F. Two-Point Lotteries and Concavity of the Value Function

Let K (z) be a continuous function, where = € [z,Z]. Consider the following problem with a

two-point lottery:
J(V) = max(n e, ) [TK (21) + (1 = 7) K (22)]

(F.1)
s.t. 1+ (1—mae=V, 21 <V <ux, 7wel01].

The above problem encompasses the maximization problems in (5.1) and (6.12) as special cases.
(In these problems, the lottery is contingent on the realizations of aggregate and match-specific

shocks, (y, z), which is suppressed here.)

We want to prove that J (V') is concave. To this end, consider arbitrary V' € (z,z). Let (x7, z5)

be the solution for (z1,z2) in (F.1). If K (V) is strictly convex at V, it must be true that
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x} <V < af. Thus, if 27 = «3, then J (V) = K (V) must be concave at V. In the remainder
of the proof, it suffices to examine the case where zj < z3. For any arbitrary z,z2 € (z, %),
x1 < xe, denote the line segment connecting K (z1) and K (x3) as T1Z2, and denote the slope of

r1T92 as
K(x2) — K(z1)

L(z1,20) = pa—

Using the constraint in (F.1) to express m = (x2 — V)/(x2 — 1), we can rewrite J(V') in the
following equivalent forms:
J(V) = (max) [K (z2) — (x2 — V) L(z1,22)] = (max) [K(z1) + (V — x1)L(x1, 22)] .
T1,T2 x1,T2

The following results hold:

(A) For all z € [z,z], K(z) must lie on or below the extension of zjz3, ie., K(z) < K(z7}) +

L(ay, x3)(z — 27);

(B) If 23 >V, then 2] = argmin,<,3 L(,r3) and 23 = argmax, >, L(z7, z).

PROOFs OF (A) AND (B). For (A), consider first the case = € [z}, x3]. (We will return to the case
x ¢ [z7, 23] after proving (B).) Result (A) holds trivially when = = 2] or = 3. To show that
(A) also holds for z € (z7, x%), suppose to the contrary that (A) is violated by some zg € (z7, x3).
Then, K(zo) > K(z7) + L(27, 25)(xvo — «7). If g =V, then (x0,z¢) is optimal. If zop < V, then
(o, %) is feasible and dominates (z7,z3). If o > V, then (x7,z¢) is feasible and dominates

(x7,2%). The result in each of these cases contradicts the optimality of (z7, z3).

For (B), we only prove the first part, i.e., the part for zj, since the proof of the result for =% is
similar. From the first rewritten form of the maximization problem, L(z7,z%) < L(z,x%) for all
x < V. Forzx e (V,z}), K(x) is on or below the line connecting K (z}) and K (x%) (see the proven
part of (A) above), and so L(x7,z5) < L(x,z%). Thus, (B) holds.

Now we prove that (A) also holds for x ¢ [z}, 23]. If (A) did not hold for some zp < 27, then
L(zo,x%) < L(z7,x%), which would contradict (B). If (A) did not hold for some z¢ > z3%, then
L(z7,x0) > L(27,x%), which would again contradict (B). |

Lemma F.1. J (V) is a concave function.

PrROOF. Let Vi and Va2 be two arbitrary values in [z,Z], and let V,, = aV; + (1 — a)Va, where

a € (0,1). Denote (z7;,x3%;) as the solution to the maximization problem when V = V;, where

i €{1,2,a}. We show that J(V,) > aJ (V1) + (1 — ) J(V3).
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Applying (A) to any z € [z}, 75,], we know that K (x) cannot lie above the extension of z, 73, .
Thus, all points on m must lie on or below the extension of m This implies that
J(V1) < J(Vo)—La(Voa—Vi), where L, = L(x7,, x5,). Similarly, applying (A) to any = € [x7,, T3]
yields: J(V2) < J(Vo) + La(Va — Vy). Thus,

(Vi) + (1 - a)J(Va) < J(Va) + La o (Vi = Va) + (1 - @) (Va — V)] = J(Va).

This completes the proof of the lemma. |
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